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MODULI OF TANGO STRUCTURES
AND DORMANT MIURA OPERS
YASUHIRO WAKABAYASHI
Abstract. The purpose of the present paper is to develop the theory of
(pre-)Tango structures and (dormant generic) Miura g-opers (for a semisim-
ple Lie algebra g) defined on pointed stable curves in positive characteris-
tic. A (pre-)Tango structure is a certain line bundle of an algebraic curve
in positive characteristic, which gives some pathological (relative to zero
characteristic) phenomena. In the present paper, we construct the mod-
uli spaces of (pre-)Tango structures and (dormant generic) Miura g-opers
respectively, and prove certain properties of them. One of the main re-
sults of the present paper states that there exists a bijective correspondence
between the (pre-)Tango structures (of prescribed monodromy) and the dor-
mant generic Miura sl2-opers (of prescribed exponent). By means of this
correspondence, we achieve a detailed understanding of the moduli stack
of (pre-)Tango structures. As an application, we construct a family of al-
gebraic surfaces in positive characteristic parametrized by a higher dimen-
sional base space whose fibers are pairwise non-isomorphic and violate the
Kodaira vanishing theorem.
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2 YASUHIRO WAKABAYASHI
Introduction
The purpose of the present paper is to develop the moduli theory of (pre-
)Tango structures and Miura g-opers (for a semisimple Lie algebra g) defined
on (families of) pointed stable curves in positive characteristic. One of the
main results of the present paper states (cf. Theorem 5.4.1) that there exists
a bijective correspondence between the (pre-)Tango structures (of prescribed
monodromy) and the dormant generic Miura sl2-opers (of prescribed expo-
nent). By means of this correspondence, we achieve a detailed understanding
of the moduli stack of (pre-)Tango structures (cf. Theorem 6.3.2). As an ap-
plication, we construct a family of algebraic surfaces in positive characteristic
parametrized by a higher dimensional base space whose fibers are pairwise non-
isomorphic and violate the Kodaira vanishing theorem (cf. Theorem 7.2.3). In
the rest of this Introduction, we shall provide more detailed discussions, in-
cluding the content of the present paper.
0.1. First, recall the notion of a Tango structure on an algebraic curve, which
is one of the central objects in the present paper. Let p be an odd prime, k
an algebraically closed field of characteristic p, and X a proper smooth curve
over k of genus g > 1. Denote by FX : X → X the absolute (i.e., p-th power)
Frobenius endomorphism of X . In [32], H. Tango studied the injectivity of the
map
F ∗X : H
1(X,V)→ H1(X,F ∗X(V))(1)
induced by FX between the first cohomology groups of V and F ∗X(V). In the
case where V = OX(−D) with some effective divisor D, he described the
kernel of the map F ∗X in terms of exact differentials, and characterized the
injectivity by means of a certain numerical invariant which is now called the
Tango-invariant. The Tango-invariant is defined as
n(X) := max
{
deg
⌊
(df)
p
⌋
∈ Z
∣∣∣ f ∈ K(X) \K(X)p}.(2)
Here, K(X) denotes the function field of X , K(X)p denotes the subfield of
K(X) consisting of p-th powers (i.e., K(X)p := {f p | f ∈ K(X)}), (df) de-
notes the divisor
∑
x∈X vx(df)x (where vx denotes the valuation associated
with x), and ⌊− ⌋ denotes round down of coefficients. One verifies that the
inequalities 0 ≤ n(X) ≤ 2g−2
p
hold (cf. [32], Lemma 12). Moreover, the in-
equality n(X) > 0 (resp., the equality n(X) = 2g−2
p
) implies that there ex-
ists an ample divisor D on X with (df) ≥ pD (resp., (df) = pD) for some
f ∈ K(X)\K(X)p. We refer to the line bundle L := OX(D) for such a divisor
D as a pre-Tango structure (resp., a Tango structure) on X . (This definition
of a Tango structure coincide with the definition described in Definition 5.1.1.)
Then, according to [32], Theorem 15, for each pre-Tango structure L on X , the
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map F ∗ : H1(X,L∨)→ H1(X,F ∗X/k(L
∨)) (where L∨ denotes the dual of L) is
not injective. Furthermore, the notion of a Tango structure has an impotence
in the study of pathology of algebraic geometry in positive characteristic, as
discussed in § 7 later. The existence of a Tango structure implies a strong re-
striction to the genus g of the underlying curve, i.e., p must divide 2g − 2. At
any rate, it will be natural to ask how many curves admitting a (pre-)Tango
structure exist, or whether such curves are really exceptional or not. These
questions lead us to study the moduli stack
Tang(3)
classifying proper smooth curves over k of genus g together with a Tango
structure on it. For instance, we want to understand the image of the forgetting
morphism Tang →Mg, where Mg denotes the moduli stack classifying proper
smooth curves over k of genus g.
0.2. In the present paper, we deal with (pre-)Tango structures defined in a
more general setting, i.e., (pre-)Tango structures on families of pointed stable
curves. Let (g, r) be a pair of nonnegative integers with 2g − 2 + r > 0. Write
Mg,r for the moduli stack classifying pointed stable curves over k of type (g, r)
and Mg,r for its dense open substack classifying smooth curves. Suppose that
we are given a pointed stable curve X := (X, {σi}
r
i=1) over k (consisting of a
proper semistable curve X and a set of marked points {σi}ri=1 of X) classified
by a k-rational point of Mg,r. X admits a log structure in a natural manner
(cf. § 1.1) and we denote by X log the resulting log scheme. Then, a pre-Tango
structure on X is defined (cf. Definition 5.3.1) as a logarithmic connection
on the sheaf of logarithmic 1-forms ΩXlog/k with vanishing p-curvature whose
horizontal sections are contained in the kernel of the Cartier operator. If r =
0 and the underlying curve is smooth, then this definition of a pre-Tango
structure is equivalent to the definition of a Tango structure mentioned in
the previous subsection (cf. Proposition 5.3.2). Notice that our definition of
a pre-Tango structure does not require a type of condition corresponding to
the inequality n(X) > 0 as required in the case of a pre-Tango structure on
a proper smooth curve. But, we can proceed to our discussion regardless of
whether such a condition should be imposed or not.
For each ~µ ∈ F×rp (where we take ~µ := ∅ if r = 0). We shall write
Tang,r,~µ(4)
(cf. (189)) for the moduli stack classifying pointed stable curves over k of type
(g, r) together with a pre-Tango structure on it of monodromy ~µ. In particular,
we have Tang ∼= Tang,0,∅ ×Mg,0 Mg,0.
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0.3. On the other hand, we recall the notion of a Miura g-oper (for a semism-
ple Lie algebra g). A Miura g-oper (for a semismple Lie algebra g) is a g-oper
equipped with an additional data, that is to say, a G-torsor (where G de-
notes the identity component of the group of Lie algebra automorphisms of
g) equipped with two Borel reductions and an integrable connection satisfying
some condition (including a certain transversality condition). For example,
sl2-opers and Miura sl2-opers may be identified with projective and affine con-
nections respectively. The Miura opers (over the field of complex numbers
C) plays an essential role in integrable systems and representation theory of
loop algebra, including the Drinfeld-Sokolov reduction and geometric Lang-
lands correspondence (cf. [4], [6], and [9]). The solutions of the Bethe Ansatz
equations may be described by means of Miura opers. (cf. [7], [8]).
0.4. Let k, g, and G be as above and either one of the two conditions (Char)p,
(Char)slp described in § 2.1 is satisfied (in particular, k has characteristic p > 0).
Let t be the Lie algebra of a split maximal torus of G, and let ~ε ∈ t(k)×r (where
we take ~ε := ∅ if r = 0). Denote by MOpg,g,r,~ε (cf. (109)) the moduli stack
classifying pointed stable curves over k of type (g, r) paired with a generic
Miura g-oper on it of exponent ~ε. As shown in Corollary 3.7.1, it may be
represented by a Deligne-Mumford stack over k. Although there is no generic
Miura g-oper on a proper smooth curve over C of genus g > 1, this moduli
stack may not be empty. One may find the locus
MOp
Zzz...
g,g,r,~ε(5)
(cf. (117)) of MOpg,g,r,~ε classifying generic Miura g-opers satisfying a nice
condition (regarding p-curvature) called dormant generic Miura g-opers. It
follows from Theorem 3.8.3 (i) and (ii) that MOp
Zzz...
g,g,r,~ε is empty unless ~ε ∈
t(Fp)×r or ~ε = ∅, and is finite over Mg,r. If, moreover, g = sl2, then one may
obtain the following assertion, by which a dormant generic Miura g-oper may
be thought of as a generalization of a (pre-)Tango structure.
Theorem A (cf. Theorem 5.4.1, Theorem 6.3.2).
Let ~ε := (εi)
r
i=1 ∈ F
×r
p (where we take ~ε := ∅ if r = 0).
(i) Both Tang,r,−~ε and MOp
Zzz...
sl2,g,r,[~ε ]
(cf. Theorem 5.4.1 and (163) for the
definitions of −~ε and [~ε ] respectively) may be represented by a (possi-
bly empty) proper Deligne-Mumford stack over k. Also, there exists a
canonical isomorphism
Tang,r,−~ε
∼
→MOp
Zzz...
sl2,g,r,[~ε ]
(6)
over Mg,r.
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(ii) If 2g−2+
2g−2+r+
∑r
i=1 τ
−1(εi)
p
< 0, thenMOp
Zzz...
sl2,g,r,[~ε ]
:= MOp
Zzz...
sl2,g,r,[~ε ]
×Mg,r
Mg,r is empty. Moreover, if 2g−2+
2g−2+r+
∑r
i=1 τ
−1(εi)
p
∈ Z≥0, then any
irreducible component N of MOp
Zzz...
sl2,g,r,[~ε ]
(∼= Tang,r,−~ε) with N ×Mg,r
Mg,r 6= ∅ is equidimensional of dimension 2g − 2 +
2g−2+r+
∑r
i=1 τ
−1(εi)
p
(where τ denotes the natural bijection {0, 1, · · · , p− 1}
∼
→ Fp).
Notice that if r = 0 and g = (lp−1)(lp−2)
2
for some integer l with lp ≥ 4, then
MOp
Zzz...
sl2,g,0,∅
(∼= Tang,0,∅) is nonempty (cf. Remark 6.3.3 (i)). As a corollary of
the above theorem, one may conclude the following assertion concerning the
structure of the moduli stack Tang.
Theorem B.
If Tang 6= ∅ (e.g., g =
(lp−1)(lp−2)
2
for some integer l with lp ≥ 4), then p|(g−1)
and Tang may be represented by an equidimensional smooth Deligne-Mumford
stack over k of dimension 2g − 2 + 2g−2
p
which is finite over Mg.
In particular, the locus of Mg classifying proper smooth curves admitting a
Tango structure (i.e., the scheme theoretic image of the projection Tangg →
Mg) forms, if it is nonempty, an equidimensional closed substack of dimension
2g − 2 + 2g−2
p
.
0.5. In the last section of the present paper, we study the pathology of al-
gebraic geometry in positive characteristic, which is of certain interest, since
pathology reveals some completely different geometric phenomena from those
in complex geometry. It is well-known that the Kodaira vanishing theorem
does not hold if the characteristic of the base field is positive. M. Raynaud
has given (in [30]) its counterexamples on smooth algebraic surfaces in pos-
itive characteristic. He constructed a smooth polarized surface (X,Z) with
H1(X,Z∨) 6= 0. S. Mukai (cf. [26]) generalized Raynaud’s construction to
obtain polarized smooth projective varieties (X,Z) of any dimension with
H1(X,Z∨) 6= 0. The construction similar to Mukai’s construction has been
also studied by Y. Takeda (cf. [34], [35]) and P. Russell (cf. [31]). The key
ingredient of these constructions is to use a Tango structure on an algebraic
curve. By applying one of these construction and Theorem B above, we obtain,
as described in Theorem C below, a family of algebraic varieties violating the
Kodaira vanishing theorem parametrized by a higher dimensional variety. This
result may be thought of as a refinement of the result given in [36], Theorem
4.1 (or [37].)
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Theorem C (cf. Corollary 7.2.3).
Suppose that p > 3, p(p − 1)|2g − 2, and 4|p − 3. Then, there exists a flat
family Y→ T of proper smooth algebraic surfaces of general type parametrized
by a Deligne-Mumford stack T over k of dimension ≥ g−2+ 2g−2
p−1
all of whose
fibers are pairwise non-isomorphic and have the automorphism group schemes
being non-reduced.
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1. Preliminaries
In this section, we recall some definitions and notation concerning the theory
of logarithmic connections on a torsor defined over a log-curve.
Throughout the present paper, we shall fix a perfect field k and a pair of
nonnegative integers (g, r) with 2g − 2 + r > 0. For each stack M over k,
we shall denote by Sch/M the category of k-schemes S equipped with a k-
morphism S →M. For a log stack (resp., a morphism of log stacks) indicated,
say, by Y log (resp., f log : Y log → Z log), we shall write Y (resp., f : Y → Z)
for the underlying stack of Y log (resp., the underlying morphism of stacks of
f log). If Y log is as above and Z log is a log stack over Y log, then we shall
write ΩZ log/Y log for the sheaf of logarithmic 1-forms on Z
log over Y log and write
TZ log/Y log := Ω
∨
Zlog/Y log
for its dual. Also, we shall write d for the universal
(logarithmic) derivation OZ → ΩZ log/Y log . (Basic references for the notion of a
log scheme (or, more generally, a log stack) are [16], [14], and [15].)
1.1. Log-curves.
Let T log be an fs log scheme over k. A log-curve over T log (cf. [1], Definition
4.5) is, by definition, a log smooth integrable morphism f log : U log → T log of
fs log schemes such that the geometric fibers of the underlying morphism of
schemes f : U → T are reduced and connected 1-dimensional schemes. In
particular, both ΩU log/T log and TU log/T log are line bundles.
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Denote by
Mg,r(7)
the moduli stack of r-pointed stable curves (cf. [20], Definition 1.1) over k of
genus g (i.e., of type (g, r)), and by
f tau : Cg,r →Mg,r(8)
the tautological curve overMg,r, equipped with its r marked points σtau,1, · · · , σtau,r :
Mg,r → Cg,r. Recall (cf. [20], Corollary 2.6 and Theorem 2.7; [3], § 5) that Mg,r
may be represented by a geometrically connected, proper, and smooth Deligne-
Mumford stack over k of dimension 3g − 3 + r. Denote by Dg,r the divisor of
Mg,r at infinity. In particular, its complement
Mg,r := Mg,r \ Dg,r(9)
in Mg,r classifies smooth curves; we denote the tautological smooth curve over
Mg,r by
ftau : Cg,r →Mg,r(10)
(i.e., Cg,r := Cg,r ×Mg,r Mg,r). Mg,r has a natural log structure given by Dg,r
(cf. [15], Theorem 4.5), where we shall denote the resulting log stack by M
log
g,r .
Also, by taking the divisor which is the union of the σtau,i’s and the pull-back
of Dg,r, we obtain a log structure on Cg,r; we denote the resulting log stack
by C
log
g,r. The structure morphism f tau : Cg,r → Mg,r extends naturally to a
morphism f
log
tau : C
log
g,r →M
log
g,r of log stacks.
Next, let S be a scheme over k, or more generally, a stack over k and
(11) X := (f : X → S, {σi : S → X}
r
i=1)
a pointed stable curve over S of type (g, r), consisting of a (proper) semi-
stable curve f : X → S over S of genus g and r marked points σi : S →
X (i = 1, · · · , r). X determines its classifying morphism cX : S → Mg,r
and an isomorphism X
∼
→ S ×cX,Mg,r,f tau Cg,r over S. By pulling-back the log
structures of M
log
g,r and C
log
g,r , we obtain log structures on S and X respectively;
we denote the resulting log stacks by SX-log and XX-log respectively. If there
is no fear of causing confusion, we write S log and X log instead of SX-log and
XX-log respectively. The structure morphism f : X → S extends to a morphism
f log : X log → S log of log stacks, by which X log determines a log-curve over S log
(cf. [16], § 3; [15], Theorem 2.6). For each i = 1, · · · , r, there exists a canonical
isomorphism (i.e., the so-called residue map)
trivX,i : σ
∗
i (ΩXlog/Slog)
∼
→ OS,(12)
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(cf. [39], § 1.6, (80)) which maps any local section of the form σ∗i (dlog(x)) ∈
σ∗i (ΩXlog/Slog) (for a local function x defining the closed subscheme σi : S → X
of X) to 1 ∈ OS.
If, moreover, k has characteristic p > 0, then we shall denote by Mordg,r the
locus in Mg,r classifying pointed proper smooth curves X := (X/S, {σi}
r
i=1)
such that the underlying curve X/S is ordinary (i.e., the p-rank of its Jacobian
is maximal). It is well-known that Mordg,r forms a dense open substack of Mg,r.
1.2. Logarithmic connections on a vector bundle.
Let T log be an fs log scheme over k and f log : U log → T log a log-curve over
T log. Also, let V be a vector bundle on U (i.e., a locally free OU -module of finite
rank). By a T log-connection on V, we mean an f−1(OT )-linear morphism
∇V : V → ΩU log/T log⊗V satisfying the Leibniz rule: ∇V(a·v) = da⊗v+a·∇V (v)
(where a and v denote any local sections of OU and V respectively). A log
integrable vector bundle on U log/T log is a pair
V♭ := (V,∇V)(13)
consisting of a vector bundle V on U and a T log-connection ∇V on V. A
log integrable line bundle on U log/T log is a log integrable vector bundle
V♭ := (V,∇V) such that V is of rank one. We shall write
O♭U := (OU , d : OU → ΩU log/T log).(14)
Next, let V♭ := (V,∇V) and V ′
♭ := (V ′,∇V ′) be log integrable vector bundles
on U log/T log. An isomorphism of log integrable vector bundles from V♭
to V ′♭ is an isomorphism of vector bundles V
∼
→ V ′ that is compatible with
the respective T log-connections ∇V and ∇V ′. If ∇V ⊗ ∇V ′ denotes the T log-
connection on the tensor product V ⊗ V ′ induced from ∇V and ∇V ′, then we
shall write V♭⊗V ′♭ for the tensor product of V♭ and V ′♭, i.e., the log integrable
vector bundle
V♭ ⊗ V ′♭ := (V ⊗ V ′,∇V ⊗∇V ′)(15)
on U log/T log.
Definition 1.2.1.
Let V♭ := (V,∇V) and V ′
♭ := (V ′,∇V ′) be log integrable vector bundles on
U log/T log. We shall say that V♭ is Gm-equivalent to V ′
♭ if there exists a
log integrable line bundle L♭ := (L,∇L) on U log/T log such that V♭ ⊗ L♭ is
isomorphic to V ′♭.
MODULI OF TANGO STRUCTURES AND DORMANT MIURA OPERS 9
1.3. Logarithmic connections on a torsor.
Let U log/T log be as above, G a connected smooth algebraic group over k,
and π : E → U be a right G-torsor over U in the e´tale topology. If h is a k-
vector space equipped with a left G-action, then we shall write hE for the vector
bundle on U associated with the relative affine space E ×G h (:= (E ×k h)/G)
over U .
Let us equip E with a log structure pulled-back from U log via π : E → U ; we
denote the resulting log stack by E log. The projection π extends to a morphism
E log → U log, whose differential gives rise to the following short exact sequence:
(16) 0 −→ gE −→ T˜E log/T log
a
log
E−→ TU log/T log −→ 0,
where T˜E log/T log denotes the subsheaf π∗(TE log/T log)
G of G-invariant sections of
π∗(TE log/T log) (cf. [39], § 1.2, (31)). By a T
log-connection on E , we mean an
OU -linear morphism ∇E : TU log/T log → T˜E log/T log such that a
log
E ◦∇E = idTU log/T log .
Also, by a log integrable G-torsor over U log/T log, we mean a pair (E ,∇E)
consisting of a right G-torsor E over U and a T log-connection ∇E on E .
1.4. Monodromy of a logarithmic connection.
Let X := (X/S, {σi}
r
i=1) be a pointed stable curve of type (g, r) over a k-
scheme S. Unless otherwise stated, we suppose, in this subsection, that r > 0.
Recall from [39], Definition 1.6.1, that, to each integrable G-torsor (E ,∇E)
over X log/S log (= XX-log/SX-log) and each i ∈ {1, · · · , r}, one may associate an
element
µ
(E,∇E)
i ∈ Γ(S, σ
∗
i (gE))(17)
called the monodromy of (E ,∇E) at σi.
Definition 1.4.1.
Let ~µ := (µi)
r
i=1 be an element of
∏r
i=1 Γ(S, σ
∗
i (gE)) and (E ,∇E) a log integrable
G-torsor over X log/S log. Then, we shall say that (E ,∇E) is of monodromy ~µ
if µ
(E,∇E )
i = µi for any i ∈ {1, · · · , r}. If r = 0, then we shall refer to any log
integrable G-torsor as being of monodromy ∅.
Remark 1.4.2.
(i) Let us consider the case where G = GLn (for some positive integer n).
Let U log/T log be as in § 1.3. Recall that giving a GLn-torsor over U is
equivalent to giving a rank n vector bundle on U . This equivalence may
be given by assigning E 7→ (k⊕n)E . Now, let E be a GLn-torsor over U
and V the rank n vector bundle on U corresponding to E . Then, there
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exists a canonical isomorphism
EndOU (V)
∼
→ (gln)E .(18)
Moreover, the notion of a T log-connection on E (defined above) coin-
cides, via this equivalence, with the notion of a T log-connection on V
(defined at the beginning of § 1.2). We refer to [39], § 4.2, for a detailed
discussion.
(ii) Suppose further that U log/T log = X log/S log for a pointed stable curve
X := (X/S, {σi}ri=1). Let ∇E be an S
log-connection on E , and denote
by ∇V the S
log-connection on V corresponding to ∇E . For each i ∈
{1, · · · , r}, we shall consider the composite
(19) V
∇V→ ΩXlog/Slog ⊗ V → σi∗(σ
∗
i (ΩXlog/Slog)⊗ σ
∗
i (V))
∼
→ σi∗(σ
∗
i (V)),
where the second arrow arises from the adjunction relation “σ∗i (−) ⊣
σi∗(−)” (i.e., “the functor σ∗i (−) is left adjoint to the functor σi∗(−)”)
and the third arrow arises from the isomorphism (12). This composite
corresponds (via the relation “σ∗i (−) ⊣ σi∗(−)” again) to an OS-linear
endomorphism σ∗i (V)→ σ
∗
i (V). Thus, we obtain an element
µ
(V ,∇V)
i ∈ Γ(S, EndOS(σ
∗
i (V))) (= Γ(S, σ
∗
i (EndOX(V)))) ,(20)
which we shall refer to as the monodromy of (V,∇V) (or just, of ∇V)
at σi. This element µ
(V ,∇V)
i coincides, via the isomorphism (18), with
the monodromy µ
(E,∇E )
i of (E ,∇E). In the present paper, we shall not
distinguish between these notions of monodromy.
Remark 1.4.3.
Let L♭ := (L,∇L) be a log integrable line bundle on X. Then, EndOS(σ
∗
i (L))
∼=
OS, and hence, µL
♭
i (i = 1, · · · , r) may be thought of as an element of Γ(S,OS).
In particular, it makes sense to ask whether µL
♭
i lies in k (⊆ Γ(S,OS)) or not.
1.5. Moduli of logarithmic connections.
We shall write
Cog,r(21)
for the set-valued contravariant functor on Sch/Mg,r which, to any object cX :
S → Mg,r of Sch/Mg,r (where we shall write X for the pointed stable curve
classified by cX), assigns the set of S
log-connections on the line bundle ΩXlog/Slog .
Also, we write
Cog,r := Cog,r ×Mg,r Mg,r.(22)
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It follows from a routine argument (or, an argument similar to the argument
in the proof of Proposition 2.2.2) that Cog,r and Cog,r may be represented by
relative schemes of finite type over Mg,r and Mg,r respectively.
Next, let ~µ := (µi)
r
i=1 be an element of k
×r (i.e., the product of r copies of
k), where ~µ := ∅ if r = 0. We shall write
Cog,r,~µ(23)
for the closed substack of Cog,r classifying connections of monodromy ~µ.
1.6. p-curvature.
In the rest of this section, we discuss logarithmic connections in positive
characteristic. Suppose that char(k) = p > 0. In the following, we shall recall
(cf. [39], § 3.2) the definition of the p-curvature of a connection. Let G and
X be as before and let (E ,∇E) be a log integrable G-torsor over X log/S log.
Then, we obtain an OX -linear morphism T
⊗p
Xlog/Slog
→ gE (⊆ T˜E log/Slog) given
by ∂⊗p 7→ (∇E(∂))[p] − ∇E(∂[p]), where ∂ is any local section of TXlog/Slog and
∂[p] denotes the p-th symbolic power of ∂ (i.e., “∂ 7→ ∂(p)” asserted in [28],
Proposition 1.2.1). This morphism corresponds to an element
ψ(E,∇E) ∈ Γ(X,Ω⊗p
Xlog/Slog
⊗ gE),(24)
which we shall refer to as the p-curvature of (E ,∇E) (cf. [39], Definition 3.2.1).
IfG = GLn and (V,∇V) denotes the log integrable vector bundle corresponds
to (E ,∇E), then ψ(E,∇E) coincides, via (18), with the classical definition of the
p-curvature of (V,∇V) (cf., e.g., [40], § 1.5).
1.7. Canonical connections arising from the Frobenius morphism.
We shall recall the canonical connection arising from pull-back via Frobenius
morphisms. Let Y be an S-scheme with structure morphism f : Y → S.
Denote by FS : S → S (resp., FY : Y → Y ) the absolute (i.e., p-th power)
Frobenius endomorphism of S (resp., Y ). The Frobenius twist of Y over
S is, by definition, the base-change Y
(1)
S (:= Y ×S,FS S) of Y via FS : S → S.
Denote by f (1) : Y
(1)
S → S the structure morphism of Y
(1)
S . The relative
Frobenius morphism of Y over S is the unique morphism FY/S : Y → Y
(1)
S
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over S that makes the following diagram commute:
Y
FY
++❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱
f

❁
❁
❁
❁
❁
❁
❁
❁
❁
❁
❁
❁
❁
❁
❁
❁
❁
❁
❁
❁
FY/S
&&▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
Y
(1)
S idY ×FS
//
f(1)

✷
Y
f

S
FS
// S.
(25)
Now, let X := (f : X → S, {σi}ri=1) be as before and U a vector bundle on
X
(1)
S . Then, one may construct (cf. [39], § 3.3) an S
log-connection
(26) ∇canU : F
∗
X/S(U)→ ΩXlog/Slog ⊗ F
∗
X/S(U)
on the pull-back F ∗X/S(U) of U which is uniquely determined by the condi-
tion that the sections of the subsheaf F−1X/S(U) (⊆ F
∗
X/S(U)) are contained
in Ker(∇canU ). We shall refer to ∇
can
U as the canonical S
log-connection on
F ∗X/S(U). One verifies immediately that
(27) Im(∇canU ) ⊆ ΩX/S ⊗ F
∗
X/S(U)
(
⊆ ΩXlog/Slog ⊗ F
∗
X/S(U)
)
(i.e., ∇canU comes from a non-logarithmic connection on F
∗
X/S(U)). Moreover,
we have
ψ(F
∗
X/S
(U),∇canU ) = 0(28)
and (under the assumption that r > 0)
µ
(F ∗
X/S
(U),∇canU )
i = 0(29)
for any i ∈ {1, · · · , r}.
1.8. Moduli of connections on a line bundle.
We shall write
F˜p := {0, 1, · · · , p− 1} (⊆ Z) .(30)
and write τ for the natural composite bijection
τ : F˜p →֒ Z։ Fp (:= Z/pZ).(31)
Let ~µ := (µi)
r
i=1 be an element of k
×r (where ~µ := ∅ if r = 0), d an integer,
and L a line bundle on the tautological curve Cg,r (resp., Cg,r) whose restriction
to any fiber of f tau : Cg,r → Mg,r (resp., ftau : Cg,r → Mg,r) has degree d. We
shall denote by
Coψ=0L,g,r,~µ (resp., Co
ψ=0
L,g,r,~µ)(32)
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the set-valued contravariant functor onSch/Mg,r (resp., Sch/Mg,r) which, to any
object S → Mg,r (resp., S → Mg,r) (where we denote by X := (X/S, {σi}ri=1)
the pointed curve classified by this object), assigns the set of SX-log-connections
on L|X with vanishing p-curvature. If L = ΩClogg,r/M
log
g,r
, then we shall write
Coψ=0g,r,~µ := Co
ψ=0
L,g,r,~µ (resp., Co
ψ=0
g,r,~µ := Co
ψ=0
L,g,r,~µ)(33)
for simplicity.
Proposition 1.8.1.
Let L be as above and ~µ := (µi)
r
i=1 ∈ F
×r
p (where ~µ := ∅ if r = 0).
(i) Coψ=0L,g,r,~µ is nonempty if and only if p|(d+
∑r
i=1 τ
−1(µi)).
(ii) Suppose that Coψ=0L,g,r,~µ is nonempty. Then, Co
ψ=0
L,g,r,~µ may be represented
by a Deligne-Mumford stack over k which is finite and faithfully flat over
Mg,r of degree p
g. Moreover, the open substack Coψ=0L,g,r,~µ ×Mg,r M
ord
g,r is
e´tale over Mordg,r .
Proof. Let S be a k-scheme and X := (X/S, {σi}ri=1) a pointed proper smooth
curve over S of type (g, r). Denote by cX : S → Mg,r the classifying mor-
phism of X. For each d′ ∈ Q, denote by Picd
′
X/S (resp., Pic
d′
X
(1)
S /S
) the rela-
tive Picard scheme of X/S (resp., X
(1)
S /S) classifying the set of (equivalence
classes, relative to the equivalence relation determined by tensoring with a
line bundle pulled-back from the base S, of) degree d′ line bundles on X
(resp., on X
(1)
S ). (Here, we take Pic
d′
X
(1)
S /S
:= ∅ if d′ ∈ Q \ Z.) Denote
by cL,~µ : S → Pic
d+
∑r
i=1 τ
−1(µi)
X/S the classifying morphism of the line bundle
L(
∑r
i=1 τ
−1(µi) · σtau,i|Cg,r). Let us consider the morphism
Ver : Pic
1
p
·(d+
∑r
i=1 τ
−1(µi))
X
(1)
S /S
→ Pic
d+
∑r
i=1 τ
−1(µi)
X/S(34)
∈ ∈
[N ] 7→ [F ∗X/S(N )]
determined by pull-back via FX/S . In the following, we shall prove the claim
that Coψ=0L,g,r,~µ ×Mg,r ,cX S is isomorphic to the inverse image Ver
−1(cL,~µ) of cL,~µ
via the morphism Ver.
First, let N be a line bundle on X(1)S classified by Ver
−1(cL,~µ), which admits,
by definition, an isomorphism
F ∗X/S(N )
∼
→ L|X(
r∑
i=1
τ−1(µi) · σi).(35)
Consider the S-connection on L|X(
∑r
i=1 τ
−1(µi)·σi) corresponding, via (35), to
the canonical (logarithmic) S-connection ∇canN ; it restricts to an S-connection
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∇L|X on L|X, which has vanishing p-curvature and monodromy ~µ. The as-
signment N 7→ ∇L|X is functorial with respect to S, and hence, determines a
morphism
Ver−1(cL,~µ)→ Co
ψ=0
L,g,r,~µ ×Mg,r ,cX S(36)
over S.
On the other hand, let us take an S-connection ∇L|X on L|X with vanishing
p-curvature and of monodromy ~µ. One may find a unique S-connection∇L|X ,+~µ
on L|X(
∑r
i=1 τ
−1(µi) ·σi) whose restriction to L|X coincides with ∇L|X . Let us
regard FX/S∗(Ker(∇L|X ,+~µ)) as an OX(1)S
-module. Then, the natural inclusion
FX/S∗(Ker(∇L|X ,+~µ)) →֒ FX/S∗(L|X(
∑r
i=1 τ
−1(µi) · σi)) turns out to be OX(1)S
-
linear; it corresponds, via the adjunction relation “F ∗X/S(−) ⊣ F∗(−)”, to a
morphism
F ∗X/S(FX/S∗(Ker(∇L|X ,+~µ)))→ L|X .(
r∑
i=1
τ−1(µi) · σi).(37)
Since ∇L|X ,+~µ has monodromy (0, 0, · · · , 0) ∈ F
×r
p , morphism (37) turns out
to be an isomorphism. By this isomorphism, FX/S∗(Ker(∇L|X ,+~µ)) specifies a
morphism S → Ver(cL,~µ) as its classifying morphism. The resulting assignment
∇L|X 7→ FX/S∗(Ker(∇L|X ,+~µ)) determines a morphism
Coψ=0L,g,r,~µ ×Mg,r ,cX S → Ver
−1(cL,~µ)(38)
over S. One verifies that (36) and (38) are inverses to each other, and hence,
Coψ=0L,g,r,~µ ×Mg,r,cX S is isomorphic to Ver
−1(cL,~µ). This completes the proof of
the claim. Then, assertions (i) and (ii) follow from the claim just proved and
the well-known fact that the morphism Ver is finite and faithfully flat of degree
pp and moreover e´tale if cX lies in M
ord
g,r . 
2. Cartan connections on a pointed stable curve
In this section, we shall discuss logarithmic connections on a certain torsor
(i.e., E †T,U log/T log defined in (43)) called Cartan connections (cf. Definition 2.3.1).
As shown in § 3, such connections correspond bijectively to generic Miura opers;
this result may be thought of as a generalization of [9], Proposition 8.2.2.
Denote by Gm the multiplicative group over k. In the following, for a scheme
(or more generally, a stack) Y and an OY -module V, we shall write V(V) for
the relative affine space over Y associated with V.
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2.1. Algebraic groups and Lie algebras.
Let G be a split connected semisimple algebraic group of adjoint type over
k. Assume that either one of the following three conditions (Char)0, (Char)p,
and (Char)slp is satisfied:
(Char)0 : char(k) = 0;
(Char)p : char(k) = p > 2 · h, where h denotes the Coxeter number of G;
(Char)slp : char(k) = p > 0 and G = PGLn for a positive integer n with
n < p.
In particular, (Char)p and (Char)
sl
p imply respectively that p does not divide
the order of the Weyl group of G (and is very good for G).
Let us fix a split maximal torus TG ofG, a Borel subgroup BG ofG containing
TG. If there is no fear of causing confusion, then we shall write T := TG,
B := BG for simplicity. Denote by Φ+ the set of positive roots in B with
respect to T and by Φ− the set of negative roots. Also, denote by Γ (⊆ Φ+)
the set of simple positive roots. Denote by g, b, and t the Lie algebras of G,
B, and T respectively (hence t ⊆ b ⊆ g). For each α ∈ Φ+ ∪ Φ−, we write
(39) gα :=
{
x ∈ g
∣∣ ad(t)(x) = α(t) · x for all t ∈ T}.
g admits a canonical decomposition
g = t⊕
(⊕
α∈Φ+
gα
)
⊕
⊕
β∈Φ−
gβ
(40)
(which restricts to a decomposition b = t ⊕ (
⊕
α∈Φ+ g
α) of b). By means of
this decomposition, we obtain a unique decreasing filtration {gj}j∈Z on g such
that
• g0 = b, g0/g1 = t, g−1/g0 =
⊕
α∈Γ g
−α;
• [gj1 , gj2] ⊆ gj1+j2 for j1, j2 ∈ Z.
We shall write ρˇ for the one-parameter subgroup Gm → T of T defined to be
the sum
∑
α∈Γ ωˇα, where each ωˇα (α ∈ Γ) denotes the fundamental coweight
of α. By passing to differentiation, we consider ρˇ as an element of t.
Denote by W the Weyl group of (G,T). We shall identify g and t with
Spec(Sk(g∨)) and Spec(Sk(t∨)) respectively, where for a k-vector space a we
denote by Sk(a) the symmetric algebra on a over k. Consider the GIT quotient
g//G (resp., t//W) of g (resp., t) by the adjoint action of G (resp., W), i.e.,
the spectrum of the ring of polynomial invariants Sk(g∨)G (resp., Sk(t∨)W) on
g (resp., t). Let us write
(41) cG := t//W.
If there is no fear of causing confusion, then we shall write c := cG for simplicity.
A Chevalley’s theorem asserts (cf. [27], Theorem 1.1.1; [19], Chap.VI, Theorem
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8.2) that the natural morphism Sk(g∨)G → Sk(t∨)W is an isomorphism. Thus,
one may define a morphism
(42) χ : g→ cG
of k-schemes to be the composite of the natural quotient g ։ g//G and the
inverse of the resulting isomorphism cG
∼
→ g//G. χ factors through the quotient
g → [g/G]. (Here, we recall that [g/G] is the quotient stack representing
the functor which, to any k-scheme T , assigns the groupoid of pairs (F , R)
consisting of a right G-torsor F over T and R ∈ Γ(T, gF).) We shall equip cG
with the Gm-action that comes from the homotheties on g (i.e., the natural
grading on Sk(g∨)).
2.2. Cartan connections.
Let T log be an fs log scheme over k and f log : U log → T log a log-curve over
T log. We shall denote by E †T,U log/T log the T-torsor over U defined to be
E †T,U log/T log := (ΩU log/T log)
× ×Gm,ρˇ T,(43)
where (ΩU log/T log)
× denotes the Gm-torsor over U corresponding to the line
bundle ΩU log/T log . If there is no fear of causing confusion, then we shall write
E †T := E
†
T,U log/T log for simplicity.
Definition 2.2.1.
A g-Cartan connection on U log/T log is a T log-connection on E †T. If U
log/T log =
XX-log/SX-log for some pointed stable curve X := (X/S, {σi}ri=1), then we shall
refer to any g-Cartan connection on XX-log/SX-log as a g-Cartan connection
on X.
Next, let X := (f : X → S, {σi}
r
i=1) be a pointed stable curve of type (g, r)
over a k-scheme S, and suppose that r > 0. Let us fix i ∈ {1, · · · , r}. By the
definition of E †T (:= E
†
T,Xlog/Slog), we have a sequence of isomorphisms
σ∗i (E
†
T)
∼
→ (σ∗i (Ω
×
Xlog/Slog
))×Gm,ρˇ T
∼
→ (S ×k Gm)×
Gm,ρˇ T
∼
→ S ×k T,(44)
where the second arrow arises from (12). It follows that the T-torsor σ∗i (E
†
T) is
trivial and we have a sequence of isomorphisms:
Γ(S, σ∗i (tE†
T
))
∼
→ Γ(S, tσ∗i (E
†
T
))
∼
→ Γ(S, tS×kT)
∼
→ t(S).(45)
The monodromy of any S log-connection on E †T (at each marked point σi) may
be thought, via (45), of as an element of t(S). Hence, for each ~µ ∈ t(S)×r, it
makes sense to speak of a g-Cartan connection on X of monodromy ~µ.
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Let ~µ ∈ t(k)×r (where if r = 0, then we take ~µ := ∅). We shall write
CCog,g,r (resp., CCog,g,r,~µ)(46)
for the set-valuled functor on Sch/Mg,r which, to any object S → Mg,r of
Sch/Mg,r (where let X be the pointed stable curve classified by this object),
assigns the set of g-Cartan connections on X (resp., the set of g-Cartan con-
nections on X of monodromy ~µ). Also, we shall write
CCog,g,r := CCog,g,r ×Mg,r Mg,r, CCog,g,r,~µ := CCog,g,r,~µ ×Mg,r Mg,r.(47)
Then, the following proposition holds. (Notice that we will apply, in advance,
the result of Proposition 2.6.1 described later in order to prove assertion (iii).)
Proposition 2.2.2.
(i) Both CCog,g,r and CCog,g,r,~µ may be represented by (possibly empty) rela-
tive affine schemes over Mg,r of finite type. In particular, these moduli
functors may be represented by Deligne-Mumford stacks over k.
(ii) Assume that r > 0. Then, CCog,g,r may be represented by a relative
affine space over Mg,r modeled on V(f tau∗(ΩClogg,r/M
log
g,r
) ⊗k t). In partic-
ular, the projection CCog,g,r → Mg,r is smooth of relative dimension
(g − 1 + r) · rk(g) (where rk(g) denotes the rank of g).
(iii) Assume that the char(k) = p > 0, r = 0 and p|(2g − 2). Then, CCog,g,0
may be represented by a relative affine space over Mg,0 modeled on
V(ftau∗(ΩClogg,0/Mlogg,0) ⊗k t). In particular, the projection CCog,g,0 → Mg,0
is smooth of relative dimension g · rk(g).
Proof. To begin with, let us fix an object cX : S → Mg,r of Sch/Mg,r , which
classifies a pointed stable curve X := (f : X → S, {σi}
r
i=1). We shall write
CCog,X := CCog,g,r ×Mg,r ,cX S.(48)
First, we shall prove assertion (i). Since CCog,g,r,~µ is a closed substack of
CCog,g,r, it suffices to prove that CCog,X may be represented by a (possibly
empty) relative affine scheme over S of finite type. Consider the OX -linear
morphism
HomOX (TXlog/Slog , T˜E†log
T
/Slog)→ EndOX(TXlog/Slog) (
∼= OX)(49)
obtained by composition with alog
E†
T
: T˜E†log
T
/Slog → TXlog/Slog . This morphism
gives rise to a morphism
V(f∗(HomOX (TXlog/Slog , T˜E†log
T
/Slog)))→ V(f∗(OX)) (= V(OS))(50)
of S-schemes. By the definition of an S log-connection, CCog,X is isomorphic
to the inverse image, via (50), of the section S → V(OS) corresponding to
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1 ∈ Γ(S,OS). In particular, CCog,X may be represented by a closed subscheme
of V(f∗(HomOX (TXlog/Slog , T˜E†log
T
/Slog))) and admits a free transitive action of
V(f∗(HomOX (TXlog/Slog ,Ker(a
log
E†
T
)))) ∼= V(f∗(HomOX (TXlog/Slog , tE†
T
)))(51)
∼= V(f∗(ΩXlog/Slog)⊗k t).
This completes the proof of assertion (i).
Next, we shall prove assertion (ii). By the above discussion, it suffices to
prove that CCog,X admits, locally on S, a section S → CCog,X. One may as-
sume, without loss of generality, that S = Spec(R) for some k-algebra R.
The inverse image of the section 1 ∈ Γ(X,OX) via (49) has, locally on X ,
a section. That is to say, there exists a collection {(Ui,∇i)}i∈I indexed by
a set I, where {Ui}i∈I is an open covering of X and each ∇i denotes an el-
ement of Γ(Ui,HomOX (TXlog/Slog , T˜E†log
T
/Slog)) whose image via (49) coincides
with 1 ∈ Γ(Ui,OX). Hence, ∇I×I := {∇i|Ui∩Uj − ∇j|Ui∩Uj}(i,j)∈I×I specifies a
Cˇech 1-cocycle of {Ui}i∈I with coefficients in HomOX (TXlog/Slog ,Ker(a
log
E†
T
)) (∼=
ΩXlog/Slog⊗kt). Denote by∇I×I the element ofH
1(X,ΩXlog/Slog⊗kt) represented
by ∇I×I . By Serre duality, we obtain the following sequence of isomorphisms
of R-modules
H1(X,ΩXlog/Slog ⊗k t)
∼
→ H1(X,ΩXlog/Slog)
⊕rk(g)(52)
∼
→ (H0(X,Ω∨Xlog/Slog ⊗ ωX/S)
∨)⊕rk(g)
∼
→ (H0(X,OX(−DX))
∨)⊕rk(g)
= 0,
where DX denotes the effective relative divisor on X defined to be the union
of the marked points σi (i = 1, · · · , r) and ωX/S denotes the dualizing sheaf of
X over S, which is isomorphic to ΩXlog/Slog(−DX). Hence, we have ∇I×I = 0.
This implies that after possibly replacing each ∇i by ∇i + δi (for some δi ∈
Γ(Ui,HomOX (TXlog/Slog ,Ker(a
log
E†
T
)))), the sections ∇i may be glued together to
a global section ∇ of HomOX (TXlog/Slog , T˜E†log
T
/Slog) mapped to 1 ∈ Γ(X,OX)
(i.e., ∇ forms a g-Cartan connection on X). ∇ specifies a section S → CCog,X,
and this completes the proof of assertion (ii).
Finally, assertion (iii) follows from Proposition 2.6.1 (ii), which implies that
after base-changing via the finite and faithfully flat morphism CCo
Zzz...
g,g,0 →Mg,0
(cf. (69) for the definition of CCo
Zzz...
g,g,0 ), the projection CCog,g,0 → Mg,0 ad-
mits a global section (i.e., the section corresponding to the closed immersion
CCo
Zzz...
g,g,0 → CCog,g,0). 
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2.3. GLn-Cartain connections.
In the rest of this section, we consider the case where G = PGLn. (In
particular, either one of the two conditions (Char)0, (Char)
sl
p is satisfied.) Let
S be a k-scheme and X := (X/S, {σi}ri=1) a pointed stable curve of type (g, r)
over S. For each line bundle N on X and each integer l, we shall write
F †N ,l := T
⊗l
Xlog/Slog
⊗N(53)
(hence, F †N ,0 = N ). Also, write
F [n]†N :=
n−1⊕
l=0
F †N ,l.(54)
In particular, the OX-module F
[n]†
N admits, by definition, a natural grading.
Definition 2.3.1.
(i) A GLn-Cartan connection on X is a log integrable vector bundle on
X log/S log of the form
F̂♣ := (F [n]†N ,
n−1⊕
l=0
∇l)
(
=
n−1⊕
l=0
(F †N ,l,∇l)
)
,(55)
where N is a line bundle on X and each ∇l (l = 0, · · · , n − 1) is an
S log-connection on the l-th component F †N ,l of F
[n]†
N .
(ii) Let N ♭ := (N ,∇N ) be a log integrable line bundle on X log/S log. A
(GLn,N
♭)-Cartan connection on X is a GLn-Cartan connection F̂
♣ :=
(F [n]†N ,
⊕n−1
l=0 ∇l) on X satisfying the equality (F
†
N ,0,∇0) = N
♭. (Hence,
any GLn-Cartan connection is a (GLn,N ♭)-Cartan connection for some
log integrable line bundle N ♭.)
Remark 2.3.2.
Let F̂♣ := (F [n]†N ,
⊕n−1
l=0 ∇l) be a (GLn,N
♭)-Cartan connection on X for some
log integrable line bundle N ♭ = (N ,∇N ). If L♭ := (L,∇L) is a log integrable
line bundle on X log/S log, then F [n]†N⊗L may be canonically identified with F
[n]†
N ⊗
L and, via this identification, the tensor product
F̂♣ ⊗L♭ = (F [n]†N ⊗ L,
n−1⊕
l=0
∇l ⊗∇L)(56)
forms a (GLn,N ♭ ⊗ L♭)-Cartan connection.
Denote by TGLn the maximal torus of GLn consisting of diagonal matrices.
We take the maximal torus TPGLn of PGLn to be the image of diagonal matrices
via the quotient GLn ։ PGLn. In particular, we obtain a natural projection
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TGLn ։ TPGLn and an isomorphism G
×n
m
∼
→ TGLn (where G
×n
m denotes the
product over k of r copies of Gm) which, to any element (a1, · · · , an) ∈ G×nm ,
assigns the diagonal matrix in TGLn with entries a1, · · · , an.
Now, let us take a GLn-Cartan connection F̂♣ on X, which determines (since
it is a direct sum of n log integrable line bundles) a log integrable G×nm -torsor.
One verifies that its underlying G×nm -torsor determines the TPGLn-torsor E
†
TPGLn
by change of structure group via the composite G×nm
∼
→ TGLn ։ TPGLn. That
is to say, F̂♣ induces an sln (= pgln)-Cartan connection ∇F̂
♭
on X.
Proposition 2.3.3.
(i) The following maps of sets are bijective:(
the set of S log-connections
on ΩXlog/Slog
)×(n−1)
(57)
∼
−→
(
the set of (GLn,O♭X)-Cartan
connections on X
)
∼
−→
(
the set of sln-Cartan
connections on X
)
,
where the first and second maps are given by assigning (∇l)
n−1
l=1 7→
(F [n]†OX ,
⊕n−1
l=0 (
⊗l
j=1∇
∨
j )) (where
⊗0
j=1∇
∨
j := d) and F̂
♣ 7→ ∇F̂
♭
re-
spectively. Moreover, these bijections are functorial with respect to S.
(ii) The composite of the bijections in (57) induces an isomorphism
Co×(n−1)g,r
∼
→ CCosln,g,r(58)
over Mg,r, where the left-hand side denotes the product over Mg,r of
n− 1 copies of Cog,r.
Proof. The assertions follow immediately from the various definitions involved.

Next, denote by tGLn and tPGLn the Lie algebras of TGLn and TPGLn re-
spectively. The set tGLn(S) of S-rational points of tGLn may be identified, via
the isomorphism G×nm
∼
→ TGLn mentioned above, with Γ(S,OS)
⊕n. Also, the
set tPGLn(S) may be identified with Coker(∆), where ∆ denotes the diagonal
embedding Γ(S,OS) →֒ Γ(S,OS)⊕n. If
π : tGLn(S)։ tPGLn(S)(59)
denotes the quotient arising from the natural quotient GLn ։ PGLn, then it
may be identified, under the identifications just discussed, with the natural
quotient Γ(S,OS)⊕n ։ Coker(∆). For each ~µ := ((µi1, µi2, · · · , µin))ri=1 ∈
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(Γ(S,OS)⊕n)×r (= tGLn(S)
×r), we shall write
π(~µ) := (π(µi1, µi2, · · · , µin))
r
i=1 ∈ tPGLn(S)
×r.(60)
If ~µ := ∅, then we write π(~µ) := ∅. By the definition of isomorphism (58), the
following proposition holds.
Proposition 2.3.4.
Assume that r > 0.
(i) Let ~µ := ((µi1, µi2, · · · , µin))ri=1 ∈ (Γ(S,OS)
⊕n)×r. Then, the bijections
in (57) restrict to the following bijections:
n−1∏
l=1
 the set of S log-connectionson ΩXlog/Slog of
monodromy (µil − µi(l+1))ri=1
(61)
∼
−→
 the set of (GLn,O♭X)-Cartanconnections on X of monodromy
((0, µi2 − µi1, · · · , µin − µi1))ri=1

∼
−→
the set of sln-Cartanconnections on X
of monodromy π(~µ)
 .
(ii) Let ~µ := ((µi1, µi2, · · · , µin))
r
i=1 ∈ (k
⊕n)×r. Then, the composite of the
bijections in (61) induces an isomorphism
n−1∏
l=1
Cog,r,(µil−µi(l+1))ri=1
∼
→ CCosln,g,r,π(~µ)(62)
over Mg,r, where the left-hand side is the product over Mg,r.
2.4. The relative affine spaces
⊕⊗
✷,g,r over Mg,r.
In the rest of this section, assume that either one of two conditions (Char)p,
(Char)slp is satisfied. Moreover, assume that G, B, and T are all defined over Fp.
In particular, it makes sense to speak of the subset t(Fp) of t(k) (cf. Proposition
2.5.2). Now, we shall write⊕⊗
b,g,r := V(f tau∗(Ω
⊗p
C
log
g,r/M
log
g,r
⊗ bE†)),(63) ⊕⊗
t,g,r := V(f tau∗(Ω
⊗p
C
log
g,r/M
log
g,r
⊗k t))
(
= V(f tau∗(Ω
⊗p
C
log
g,r/M
log
g,r
))×k t
)
,
where E † := (Ω
C
log
g,r/M
log
g,r
)× ×Gm,ρˇ T (cf. (43)). Also, we shall write
(64)
⊕⊗
c,g,r
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for the relative scheme over Mg,r (cf. [5], Theorem 5.23) representing the set-
valued contravariant functor on Sch/Mg,r which, to any object S → Mg,r of
Sch/Mg,r (where we denote by X := (X/S, {σi}
r
i=1) the pointed stable curve
classified by this object), assigns the set of morphisms X → (Ω⊗p
Xlog/Slog
)××Gm c
over X . The composite b →֒ g
χ
։ c and the projection t։ c induce morphisms
⊕⊗b→c,g,r :
⊕⊗
b,g,r →
⊕⊗
c,g,r and ⊕⊗t→c,g,r :
⊕⊗
t,g,r →
⊕⊗
c,g,r(65)
respectively. Also, we shall write
[0]t,g,r : Mg,r →
⊕⊗
t,g,r and [0]c,g,r (:= ⊕⊗t→c,g,r ◦ [0]t,g,r) : Mg,r →
⊕⊗
c,g,r(66)
for the zero sections.
2.5. Cartan connections with vanishing p-curvature.
We shall introduce the definitions of a dormant Cartan connections and a
p-nilpotent Cartan connection (cf. Definition 2.5.1).
The assignment from each g-Cartan connection to its p-curvature determines
a morphism
Ψg,g,r : CCog,g,r →
⊕⊗
t,g,r(67)
over Mg,r. We obtain the composite
Ψχg,g,r : CCog,g,r
Ψg,g,r
−−−→
⊕⊗
t,g,r
⊕⊗t→c,g,r
−−−−−→
⊕⊗
c,g,r.(68)
Let us write
CCo
Zzz...
g,g,r (resp., CCo
p-nilp
g,g,r )(69)
for the inverse image via Ψg,g,r (resp., Ψ
χ
g,g,r) of the zero section [0]t,g,r (resp.,
[0]t,g,r).
Definition 2.5.1.
We shall say that a g-Cartan connection is dormant (resp., p-nilpotent) if
it is classified by the closed substack CCo
Zzz...
g,g,r (resp., CCo
p-nilp
g,g,r ). (In particular,
a dormant g-Cartan connection is a g-Cartan connection with vanishing p-
curvature.)
Proposition 2.5.2.
Assume that r > 0. Let S be a connected (resp., reduced and connected) k-
scheme, X := (X/S, {σi}ri=1) a pointed stable curve over S of type (g, r), and
∇ a dormant (resp., p-nilpotent) g-Cartan connection on X. Then, the mon-
odromy µ
(E†
T
,∇)
i ∈ t(S) of ∇ at any marked point σi (i = 1, · · · , r) lies in t(Fp).
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Proof. Let us fix i ∈ {1, · · · , r}. The restriction σ∗i (ψ
(E†
T
,∇)) of the p-curvature
ψ(E
†
T
,∇) ∈ Γ(X,Ω⊗p
Xlog/Slog
⊗ tE†
T
) (= Γ(X,Ω⊗p
Xlog/Slog
⊗k t)) may be thought of as
an element of t(S) via the following composite isomorphism
Γ(S, σ∗i (Ω
⊗p
Xlog/Slog
⊗k t))
∼
→ Γ(S, σ∗i (ΩXlog/Slog)
⊗p ⊗k t)
∼
→ Γ(S,OS ⊗k t)
∼
→ t(S),
where the second isomorphism arises from the trivX,i (cf. (12)). By the defini-
tion of p-curvature, the following equality holds:
σ∗i (ψ
(E†
T
,∇)) = (µ
(E†
T
,∇)
i )
[p] − µ
(E†
T
,∇)
i ,(70)
where (µ
(E†
T
,∇)
i )
[p] denotes the image of µ
(E†
T
,∇)
i ∈ t(S) via the p-th power opera-
tion (−)[p] on the Lie algebra t (cf. [39], Remark 3.2.2). Since t (considered as
a scheme) is defined over Fp, it may be identified with t
(1)
k via the isomorphism
idt × FSpec(k) : t
(1)
k
∼
→ t. Under this identification, the p-th power operation on
t coincides with the relative Frobenius morphism Ft/k : t → t (= t
(1)
k ). Hence,
(70) induces the equality
σ∗i (ψ
(E†
T
,∇)) = Ft/k ◦ µ
(E†
T
,∇)
i − µ
(E†
T
,∇)
i .(71)
Since Ft/k ◦ µ
(E†
T
,∇)
i = µ
(E†
T
,∇)
i if and only if µ
(E†
T
,∇)
i ∈ t(Fp), the non-resp’d
assertion follows from (71).
Next, let us consider the resp’d assertion. Since χ◦σ∗i (ψ
(E†
T
,∇)) = χ(0), the el-
ement σ∗i (ψ
(E†
T
,∇)) of t(S) lies in (t×c,χ(0)Spec(k))(S). But, the closed subscheme
(t×c,χ(0) Spec(k))red of t is isomorphic to the point 0 ∈ t(k). Hence, under the
assumetion that S is reduced and connected, the equality σ∗i (ψ
(E†
T
,∇)) = 0
holds. By applying the same discussion as above, we have µ
(E†
T
,∇)
i ∈ t(Fp). This
completes the proof of the resp’d assertion. 
Corollary 2.5.3.
Let ~µ ∈ t(k)×r. Then, both CCo
Zzz...
g,g,r,~µ and CCo
p-nilp
g,g,r,~µ are empty unless ~µ lies in
t(Fp)×r. Moreover, CCo
Zzz...
g,g,r decomposes as
CCo
Zzz...
g,g,r =
∐
~µ∈t(Fp)×r
CCo
Zzz...
g,g,r,~µ.(72)
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2.6. Structure of the moduli stacks CCo
Zzz...
g,g,r,~µ, CCo
p-nilp
g,g,r,~µ.
For each ~µ ∈ t(k)×r (where ~µ := ∅ if r = 0), we shall write
CCo
Zzz...
g,g,r,~µ := CCo
Zzz...
g,g,r,~µ ×Mg,r Mg,r, CCo
p-nilp
g,g,r,~µ := CCo
p-nilp
g,g,r,~µ ×Mg,r Mg,r.(73)
Proposition 2.6.1.
Let ~µ ∈ t(Fp)×r (where ~µ := ∅ if r = 0).
(i) CCo
Zzz...
g,g,r,~µ may be represented by either the empty stack or a Deligne-
Mumford stack over k which is finite and faithfully flat over Mg,r of
degree pg·rk(g). If CCo
Zzz...
g,g,r,~µ 6= ∅, then the open substack CCo
Zzz...
g,g,r,~µ ×Mg,r
Mordg,r of CCo
Zzz...
g,g,r,~µ is e´tale over M
ord
g,r .
(ii) If r = 0 and p|2g − 2, then CCo
Zzz...
g,g,0,∅ is nonempty.
Proof. Let us consider assertion (i). For each integer m, we shall write Lm :=
Ω⊗m
C
log
g,r/M
log
g,r
. Observe that the T-torsor E †T for the tautological family of curves
Cg,r/Mg,r is isomorphic to the product of Gm-torsors corresponding to Lmj ’s
(where j = 1, · · · , rk(g) and each mj is an integer). Hence, there exists an
isomorphism CCog,g,r
∼
→
∏rk(g)
j=1 CoLmj ,g,r. This isomorphism restricts to an iso-
morphism
CCo
Zzz...
g,g,r,~µ
∼
→
rk(g)∏
j=1
Coψ=0
Lmj ,g,r,~nj
,(74)
where each ~nj is an element of F×rp (cf. Remark 1.4.3). Thus, the asser-
tion follows from Proposition 1.8.1 (ii). Assertion (ii) follows from (74) and
Proposition 1.8.1 (i) (together with the fact that (2g − 2)|deg(Lmj ) for any
j = 1, · · · , rk(g)). 
Corollary 2.6.2.
Let ~µ ∈ t(Fp)×r (where ~µ := ∅ if r = 0). Then, CCo
p-nilp
g,g,r,~µ may be represented
by a (possibly empty) Deligne-Mumford stack over k which is finite over Mg,r.
Proof. Let N be the closed substack of
⊕⊗
t,g,r defined to be ⊕⊗
−1
t→c,g,r([0]c,g,r).
The morphism Ψg,g,r (cf. (67)) restricts to a morphism CCo
p-nilp
g,g,r,~µ → N. Here,
observe that the reduced stack Nred associated with N is isomorphic to the
closed substack [0]t,g,r. It follows that
CCo
p-nilp
g,g,r,~µ ×N Nred
∼= CCo
Zzz...
g,g,r,~µ.(75)
Since CCo
p-nilp
g,g,r,~µ is of finite type over Mg,r, (75) and Proposition 2.6.1 (i) imply
that CCo
p-nilp
g,g,r,~µ is finite over Mg,r. 
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Also, in the case where G = PGLn (hence g = pgln = sln), the following
proposition holds.
Proposition 2.6.3.
(i) We have the following commutative square diagram:
(Coψ=0g,r )
×(n−1) ∼−−−→ CCo
Zzz...
sln,g,r
open imm.
y yopen imm.
(Coψ=0g,r )
×(n−1) −−−→
∼
CCo
Zzz...
sln,g,r
(76)
where the upper and lower horizontal arrows are isomorphisms obtained
by restricting (58).
(ii) Assume further that r > 0, and let ~µ, π(~µ) be as in Proposition 2.3.4.
Then, by restricting square diagram (76) above, we have the following
commutative square diagram:∏n−1
l=1 Co
ψ=0
g,r,(µil−µi(l+1))
r
i=1
∼
−−−→ CCo
Zzz...
sln,g,r,π(~µ)
open imm.
y yopen imm.∏n−1
l=1 Co
ψ=0
g,r,(µil−µi(l+1))
r
i=1
−−−→
∼
CCo
Zzz...
sln,g,r,π(~µ)
,
(77)
where the upper and lower horizontal arrows are isomorphisms and the
two stacks in the left-hand side are the products over Mg,r. In particu-
lar, if µil ∈ Fp for any pair (i, l) and p|(2g−2+
∑r
i=1 τ
−1(µil−µi(l+1)))
for any l = 1, · · · , n − 1, then both CCo
Zzz...
sln,g,r,π(~µ)
and CCo
Zzz...
sln,g,r,π(~µ)
are
nonempty.
Proof. The assertions follow from Proposition 1.8.1 (i) and the construction
of (62). (Indeed, if two connections ∇1 and ∇2 have vanishing p-curvature,
then the tensor product ∇1 ⊗∇∨2 of ∇1 and the dual ∇
∨
2 of ∇2 has vanishing
p-curvature.) 
3. Miura g-opers on pointed stable curves
In this section, we discuss the definition and some basic properties of Miura
g-opers on a family of pointed stable curves. It will be shown that generic
Miura g-opers corresponds bijectively to g-Cartan connections. (This result
may be thought of as a global version of [9], Proposition 8.2.2.) In particular,
the moduli functor, denoted by MOpg,g,r,~ε (cf. (108)), classifying pointed sta-
ble curves paired with a generic Miura g-oper on it (of prescribed exponent ~ε)
may be represented by a Deligne-Mumford stack (cf. Corollary 3.7.1). In the
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case of positive characteristic, we introduce two kinds of Miura g-opers satis-
fying certain conditions concerning p-curvature, called dormant generic Miura
g-opers and p-nilpotent generic Miura g-opers respectively. The bijective cor-
respondence mentioned above restricts to a bijective correspondence between
p-nilpotent Miura g-opers and p-nilpotent g-Cartan connections (cf. Theorem
3.8.3).
3.1. g-opers.
Let us keep the notation and assumptions in § 2.1. First, we shall recall the
definition of a g-oper (on a log-curve). Let T log be an fs log scheme over k,
U log a log-curve over T log, and πB : EB → U a right B-torsor over U . Denote
by πG : (EB×B G =:) EG → U the right G-torsor over U obtained by change of
structure group via the inclusion B →֒ G. For each j ∈ Z, gj is closed under
the adjoint action of B on g, and hence, induces an OU -submodule g
j
EB
of gEB
(⊆ T˜E log
G
/T log). If we write
T˜ j
E log
G
/T log
:= ι(T˜E log
B
/T log) + g
j
EB
(78)
(j ∈ Z), where ι denotes the injection T˜E log
B
/T log →֒ T˜E log
G
/T log induced by the
natural inclusion EB →֒ EG, then the collection {T˜
j
E log
G
/T log
}j∈Z forms a decreas-
ing filtration on T˜E log
G
/T log . Since each g
−α (α ∈ Γ) is closed under the action of
B (defined to be the composite B։ T
adj. rep.
−−−−→ Aut(g−α)), we have a decompo-
sition
T˜ −1
E log
G
/T log
/T˜ 0
E log
G
/T log
∼
→
⊕
α∈Γ
g−αEB(79)
arising from the decomposition g−1/g0 =
⊕
α∈Γ g
α. We recall from [39], Defi-
nition 2.2.1, the definition of a g-oper, as follows.
Definition 3.1.1.
(i) Let
(80) E♠ := (πB : EB → U,∇E : TU log/T log → T˜E log
G
/T log)
be a pair consisting of a right B-torsor EB over U and a T log-connection
∇E on the right G-torsor πG : EG → U induced by EB. We shall say
that the pair E♠ = (EB,∇E) is a g-oper on U log/T log if it satisfies the
following two conditions:
• ∇E(TU log/T log) ⊆ T˜
−1
E log
G
/T log
;
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• For any α ∈ Γ, the composite
(81) KSαE♠ : TU log/T log
∇E−−→ T˜ −1
E log
G
/T log
։ T˜ −1
E log
G
/T log
/T˜ 0
E log
G
/T log
։ g−αEB ,
is an isomorphism, where the third arrow denotes the natural pro-
jection relative to the decomposition (79).
(ii) Let E♠ := (EB,∇E), F♠ := (FB,∇F) be g-opers on U log/T log. An
isomorphism of g-opers from E♠ to F♠ is an isomorphism EB
∼
→ FB
of right B-torsors such that the induced isomorphism EG
∼
→ FG of right
G-torsors is compatible with the respective T log-connections ∇E and
∇F .
3.2. Miura g-opers.
Next, we shall introduce the definition of a Miura g-oper on a log-curve.
Denote by B− (⊆ G) the opposite Borel subgroup of B relative to T, which is,
by definition, a unique Borel subgroup satisfying that T ⊆ B− and B∩B− = T.
Definition 3.2.1.
(i) A Miura g-oper on U log/T log is a collection of data
(82) Ê♠ := (EB,∇E , E
′
B, ηE)
consisting of
• a g-oper (EB,∇E) on U log/T log;
• a B-torsor E ′B over U , where we shall write E
′
G := E
′
B ×
B G;
• an isomorphism ηE : E ′G
∼
→ EG of G-torsors such that if dηE denotes
the OU -linear isomorphism (T˜E ′log
B
⊆) T˜E ′log
G
∼
→ T˜E log
G
obtained by
differentiating ηE , then we have
∇E(TU log/T log) ⊆ dηE(T˜E ′log
B
).(83)
The T log-connection ∇E specifies a T log-connection ∇E ′
B
: TU log/T log →
T˜E ′log
B
/T log on E
′
B in such a way that the composite
TU log/T log
∇E′
B−−→ T˜E ′log
B
/T log →֒ T˜E ′log
G
/T log
dηE→ T˜E log
G
/T log(84)
coincides with ∇E . We shall refer to (E ′B,∇E ′B) as the log integrable B-
torsor associated with Ê♠. Also, we shall refer to E♠ := (EB,∇E) as
the underlying g-oper of Ê♠. If U log/T log = XX-log/SX-log for some
pointed stable curve X := (X/S, {σi}ri=1), then we shall refer to any
Miura g-oper on XX-log/SX-log as a Miura g-oper on X.
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(ii) Let Ê♠ := (EB,∇E , E ′B, ηE), F̂
♠ := (FB,∇F ,F ′B, ηF) be Miura g-opers
on U log/T log. An isomorphism of Miura g-opers from Ê♠ to F̂♠ is
a pair
(85) (αB, α
′
B),
consisting of
• an isomorphism αB : (EB,∇E)
∼
→ (FB,∇F) of g-opers (i.e., an
isomorphism αB : EB
∼
→ FB of B-torsor respecting the structure of
T log-connection);
• an isomorphism α′B : E
′
B
∼
→ F ′B of right B-torsors whose induced
isomorphism α′G : E
′
G
∼
→ F ′G of right G-torsors satisfies the equality
αG ◦ ηE = ηF ◦ α′G.
Proposition 3.2.2.
Any Miura g-oper on U log/T log does not have nontrivial automorphisms.
Proof. Each automorphism of a Miura g-oper determines and is determined by
an automorphism of its underlying g-oper. Hence, the assertion follows directly
from [39], Proposition 2.2.5. 
3.3. Generic Miura g-opers.
We shall define the notion of a genericMiura g-oper. Let Ê♠ := (EB,∇E , E ′B, ηE)
be a Miura g-oper on U log/T log. Recall that the flag variety associated with
G is the quotient G/B, which classifies all Borel subgroups of G. (Indeed,
the point of G/B represented by h ∈ G classifies the Borel subgroup Adh(B),
where Adh denotes the automorphism of G given by conjugation by h.) The
B-orbits (with respect to the left B-action on G) in the flag variety G/B are
parametrized by the Weyl group W. That is to say, we have a decomposition
G =
∐
w∈WBwB, which is known as the Bruhat decomposition. (More pre-
cisely, for each w ∈W = NG(T)/T we choose a representative w˙ ∈ NG(T) of w
and consider the double coset Bw˙B. Since Bw˙B is independent of the choice of
the representative w˙ of w, we simply denote it by BwB.) Let w0 be the longest
element of W (hence Adw˙0(B) = B
−). The orbit Bw0B ⊆ G/B is a dense open
subscheme of G/B (called the big cell). The morphism N → G/B given by
assigning h 7→ hw˙0B defines an isomorphism N
∼
→ Bw0B of k-schemes. By
passing to this isomorphism, we shall regard N as a dense open subscheme of
G/B that is closed under the left B-action on G/B. By twisting G/B by the
right B-torsor EB, we obtain a proper U -scheme
(86) EB ×
B (G/B),
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which contains a dense open subscheme EB×BN. It follows from the definition of
EB×B (G/B) that the image of E ′B via the isomorphism ηE : E
′
G
∼
→ EG determines
its classifying morphism
(87) σÊ♠ : U → EB ×
B (G/B).
Definition 3.3.1.
We shall say that a Miura g-oper Ê♠ is generic if the image of the morphism
σÊ♠ lies in EB ×
B N (⊆ EB ×B (G/B)).
3.4. Special Miura g-opers.
Next, we define the notion of a special Miura g-oper. Write
E †B,U log/T log := E
†
T,U log/T log ×
T B, E †G,U log/T log := E
†
T,U log/T log ×
T G.(88)
(cf. (43) for the definition of E †T,U log/T log). The subscheme w0B of G is closed
under the left action by T. Hence, we have a B-torsor
E ′
†
B,U log/T log := E
†
T,U log/T log ×
T w0B,(89)
which admits a natural isomorphism
η†E : E
′†
B,U log/T log ×
B G
∼
→ E †G,U log/T log(90)
of G-torsors. If there is no fear of causing confusion, then we shall write
E †B := E
†
B,U log/T log , E
†
G := E
†
G,U log/T log , E
′†
B := E
′†
B,U log/T log(91)
for simplicity.
For each α ∈ Γ, let us fix a generator xα of gα. Write p1 :=
∑
α∈Γ xα. Then,
one may find a unique collection (yα)α∈Γ, where each yα is a generator of g
−α,
such that if we write
(92) p−1 :=
∑
α∈Γ
yα ∈ g−1,
then the set {p−1, 2ρˇ, p1} forms an sl2-triple (cf. § 2.1 for the definition of ρˇ).
For each α ∈ Γ, we shall write
ηα : g−α
E†log
B
(
∼
→ g−α
E†log
T
)
∼
→ TU log/T log(93)
for the isomorphism determined uniquely by the following condition: for each
local trivialization τ : OV
∼
→ TU log/T log |V of TU log/T log (where V denotes an open
subscheme of U), the composite isomorphism
g−α
E†log
B
|V
∼
→ g−α
E†log
T
|V
∼
→ (k · yα)(Ω
U log/T log
|V )××Gm,ρˇT(94)
∼
→ (k · yα)O×V ×Gm,ρˇT
∼
→ kV×kT
∼
→ OV
τ
∼
→ TU log/T log |V
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coincides with ηα|V , where the third isomorphism arises from the dual isomor-
phism ΩU log/T log |V
∼
→ OV of τ and the fourth isomorphism is given by a ·yα 7→ a
(for any a ∈ k).
Remark 3.4.1.
In the case where G = PGLn (hence g = pgln = sln), we fix an sln-triple
{p−1, 2ρˇ, p1} given by
p−1 :=

0 0 · · · 0 0
1 0 · · · 0 0
0 1 · · · 0 0
...
...
. . .
...
...
0 0 · · · 1 0
 , 2ρˇ :=

n− 1 0 0 · · · 0
0 n− 3 0 · · · 0
0 0 n− 5 · · · 0
...
...
...
. . .
...
0 0 0 · · · −(n− 1)
 ,
(95)
p1 :=

0 n− 1 0 0 · · · 0
0 0 2(n− 2) 0 · · · 0
0 0 0 3(n− 2) · · · 0
...
...
...
...
. . .
...
0 0 0 0 · · · n− 1
0 0 0 0 · · · 0
 .
Definition 3.4.2.
A p−1-special Miura g-oper on U
log/T log is a Miura g-oper on U log/T log of
the form
Ê♠♦ := (E †B,U log/T log ,∇E , E
′†
B,U log/T log , η
†
E)(96)
(for some T log-connection∇E on E
†
G,U log/T log) satisfying the equality η
α◦KSαE♠♦ =
idT
U log/T log
for any α ∈ Γ, where E♠♦ := (E †B,U log/T log ,∇E). (In particular, any
p−1-special Miura g-oper is a generic Miura g-oper.)
Proposition 3.4.3.
For any generic Miura g-oper Ê♠ := (EB,∇E , E ′B, ηE) on U
log/T log, there exists
a unique pair (Ê♠♦, ιÊ♠) consisting of a p−1-special Miura g-oper on U
log/T log
and an isomorphism ιÊ♠ : Ê
♠ ∼→ Ê♠♦ of Miura g-opers.
Proof. Since Miura g-opers may be constructed by means of descent with re-
spect to e´tale morphisms, we are (by taking account of Proposition 3.2.2) free
to replace U with its e´tale covering. Thus, we may assume that there exists
a global section ∂ ∈ Γ(U,ΩU log/T log) with OU · ∂ = TU log/T log . Also, we may
assume that EB = U ×k B and E ′B = U ×k w0B.
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First, let us consider the existence assertion. It follows from [39], Lemma
2.2.4, that there exists a unique U -rational point h : U → T of T such that the
underlying g-oper E♠ of Ê♠ is of precanonical type relative to the triple (U, x, lh)
(cf. [39], Definition 2.2.3), where lh denotes the left translation U×kG
∼
→ U×kG
determined by h : U → T (⊆ G). Let us write
Ê♠♦ := (U ×k B, l
∗
h(∇E), U ×k w0B, idU×kG),(97)
where l∗h(∇E) denotes the T
log-connection on U ×k G obtained from ∇E via
pull-back by lh. Then, the pair (Ê♠♦, ιÊ♠) specifies a desired pair, where ιÊ♠ :=
(lh|U×kB, lh|U×kw0B). This completes the existence assertion.
Next, let us prove the uniqueness assertion. To this end, it suffices to prove
the claim that if Ê♠♦1 and Ê
♠♦
2 are p−1-special Miura g-opers on U
log/T log
admitting an isomorphism (αB, α
′
B) : Ê
♠♦
1 → Ê
♠♦
2 , then Ê
♠♦
1 is identical to Ê
♠♦
2 .
Since the automorphisms αB : U×kB
∼
→ U×kB and α′B : U×kw0B
∼
→ U×kw0B
are compatible in the evident sense, they comes from an automorphism of
U ×k T. Strictly speaking, there exists an automorphism αT of U ×k T (i.e., a
left-translation on U×kT by some U → T) which induces both αB and α′B. But,
because of the equalities ηα ◦KSα
E♠♦1
= idT
U log/T log
and ηα ◦KSα
E♠♦2
= idT
U log/T log
(for every α ∈ Γ), αT must be the identity morphism (cf. the proof of [39],
Lemma 2.2.4). Hence, we have Ê♠♦1 = Ê
♠♦
2 . This completes the proof of the
uniqueness assertion, and hence, Proposition 3.4.3. 
Definition 3.4.4.
For each generic Miura g-oper Ê♠ on U log/T log, we shall refer to the pair
(Ê♠♦, ιÊ♠) obtained by applying Proposition 3.4.3 to Ê
♠ as the p−1-specialization
of Ê♠.
3.5. From g-Cartan connections to special Miura g-opers.
In the following, let us construct a bijective correspondence between the g-
Cartan connections and the generic Miura g-opers (cf. Proposition 3.5.1). To
begin with, we shall write
ι : T˜E†log
T
/T log ⊕
⊕
α∈Γ
g−α
E†
B
→֒ T˜E†log
G
/T log(98)
for the OU -linear morphism determined by the natural inclusions T˜E†log
T
/T log →֒
T˜E†log
G
/T log (obtained by differentiating the inclusion E
†
T → E
†
G) and g
−α
E†
B
→֒
T˜E†log
G
/T log (for α ∈ Γ).
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Now, let ∇ : TU log/T log → T˜E†log
T
/T log be a g-Cartan connection on U
log/T log.
The composite
∇E := ι ◦ (∇⊕
⊕
α∈Γ
ηα) : TU log/T log → T˜E†log
G
/T log(99)
specifies a T log-connection, and the quadruple
Ê♠♦∇ := (E
†
B,∇E , E
′†
B, η
†
E)(100)
forms a p−1-special Miura g-oper on U
log/T log.
Conversely, let us take a generic Miura g-oper Ê♠ on U log/T log. Denote by
(Ê♠♦, ιÊ♠) the p−1-specialization of Ê
♠. Also, denote by (E ′†B,∇E ′†
B
) the log
integrable B-torsor associated with Ê♠♦. Then, the composite
∇Ê♠ : TU log/T log
∇
E′
†
B−−−→ T˜E ′†log
B
/T log ։ T˜E†log
T
/T log(101)
forms a g-Cartan connection on U log/T log, where the second arrow denotes
the surjection arising from the quotient B ։ T. The g-Cartan connection
∇Ê♠ depends only on the isomorphism class of Ê
♠. Moreover, the following
proposition holds.
Proposition 3.5.1.
The assignments ∇ 7→ Ê♠♦∇ and Ê
♠ 7→ ∇Ê♠ discussed above define the following
bijection:
(102)(
the set of g-Cartan
connections on U log/T log
)
∼
→
(
the set of isomorphism classes of
generic Miura g-opers on U log/T log
)
.
Moreover, this bijection is functorial with respect to S.
Proof. The assertion follows immediately from the definitions of the assign-
ments involved. 
3.6. Miura g-opers of prescribed exponent.
Let S be a k-scheme and X := (X/S, {σi}ri=1) a pointed stable curve over
S of type (g, r). Suppose that r > 0, and let us fix i ∈ {1, · · · , r}. By
change of structure group, we obtain, from the composite isomorphism (44),
an isomorphism σ∗(E ′†B )
∼
→ S×kw0B, which induces a sequence of isomorphisms
Γ(S, σ∗i (bE ′†
B
))
∼
→ Γ(S, bσ∗(E ′†
B
))
∼
→ Γ(S, bS×kw0B)
∼
→ b−(S),(103)
where b− denotes the Lie algebra of B−. In particular, we obtain a surjection
Γ(S, σ∗i (bE ′†
B
))
(103)
−−−→ b−(S)։ t(S).(104)
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Now, let Ê♠ := (EB,∇E , E ′B, ηE) be a generic Miura g-oper on X. Denote by
(Ê♠♦, ιÊ♠) the p−1-specialization of Ê
♠. Then, the monodromy of the integrable
B-torsor associated with Ê♠♦ at each marked point σi (i = 1, · · · , r) is sent,
via the composite (104), to an element
εÊ
♠
i ∈ t(S).(105)
Definition 3.6.1.
(i) For each i ∈ {1, · · · , r}, we shall refer to εÊ
♠
i as the exponent of Ê
♠
at σi.
(ii) Let ~ε := (εi)
r
i=1 ∈ t(S)
×r, and let Ê♠ be a generic Miura g-oper on X.
We shall say that Ê♠ is of exponent ~ε if εÊ
♠
i = εi for any i ∈ {1, · · · , r}.
If r = 0, then we shall refer to any generic Miura g-oper as being of
exponent ∅.
Proposition 3.6.2.
Let ~ε be an element of t(S)×r (where ~ε := ∅ if r = 0). Then, the bijection
(102) (of the case where U log/T log is taken to be XX-log/SX-log) restricts to a
functrial (with respect to S) bijection:
(106)(
the set of g-Cartan connections
on X of monodromy ~ε
)
∼
→
the set of isomorphism classes ofgeneric Miura g-opers on X
of exponent ~ε
 .
Remark 3.6.3.
Let Ê♠ be a generic Miura g-oper on X of exponent ~ε := (εi)
r
i=1 ∈ t(S)
×r.
Then, the radii (cf. [39], Definition 2.9.2 (i)) of the underlying g-oper E♠ of Ê♠
is given by
χ(~ε) := (χ(εi))
r
i=1 ∈ c(S)
×r.(107)
3.7. Moduli of generic Miura g-opers.
We shall write
MOpg,g,r(108)
for the set-valued contravariant functor on Sch/Mg,r which, to any object S →
Mg,r of Sch/Mg,r (where let X be the pointed stable curve classified by this
object), assigns the set of isomorphism classes of generic Miura g-opers on X.
Also, for each ~ε ∈ t(k)×r (where ~ε := ∅ if r = 0), we shall write
MOpg,g,r,~ε(109)
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for the subfunctor of MOpg,g,r classifying generic Miura g-opers of exponent ~ε.
Then, the following proposition holds.
Proposition 3.7.1.
The functorial bijection (102) determines an isomorphism
Ξg,g,r,p−1 : CCog,g,r
∼
→MOpg,g,r(110)
over Mg,r. Moreover, if ~ε ∈ t(k)×r, then the isomorphisms (110) restricts to
an isomorphism
Ξg,g,r,~ε,p−1 : CCog,g,r,~ε
∼
→MOpg,g,r,~ε.(111)
In particular, both MOpg,g,r and MOpg,g,r,~ε (for any ~ε) may be represented by
Deligne-Mumford stacks over k.
Proof. The last assertion follows from Proposition 2.2.2 (i). 
Remark 3.7.2.
If char(k) = 0, then we have
MOpsl2,g,0 ×Mg,0 Mg,0 (
Ξsl2,g,0,∅,p−1
∼= CCosl2,g,0
(58)
∼= Cog,0) = ∅.(112)
Indeed, it is well-known (cf. [12], Remark 1.2.10) that if k is an algebraically
closed field of characteristic zero and X is a proper smooth curve over k of
genus g > 1, then the degree of any line bundle on X admitting a k-connection
must be 0. On the other hand, ΩX/k has positive degree (more precisely,
deg(ΩX/k) = 2g − 2 > 0). It follows that there is no generic Miura sl2-oper on
X . That is to say, the stack MOpsl2,g,0 turns out to be empty.
3.8. Dormant and p-nilpotent Miura opers.
In this subsection, we consider Miura g-opers in positive characteristic. As-
sume that either (Char)p or (Char)
sl
p is satisfied.
Let Ê♠ be a generic Miura g-oper on a pointed stable curve X, (Ê♠♦, ιÊ♠)
the specialization of Ê♠, and (E ′B,∇E ′B) the log integrable B-torsor associated
with Ê♠♦. Then, the assignment Ê♠ 7→ ψ
(E ′†
B
,∇E′
B
)
determines a morphism
(113) κb,g,r : MOpg,g,r →
⊕⊗
b,g,r
over Mg,r. Also, write
(114) κH-Mb,g,r : MOpg,g,r →
⊕⊗
c,g,r
for the composite ⊕⊗b→c,g,r ◦ κb,g,r (cf. (65)).
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Denote by
MOp
Zzz...
g,g,r (resp., MOp
p-nilp
g,g,r )(115)
the closed substack of MOpg,g,r defined to be the inverse image of the zero
section [0]g,g,r (resp., [0]c,g,r) (cf. (66)) via the morphism κb,g,r (resp., κ
H-M
b,g,r).
Also, for each ~ε ∈ t(k)×r (where ~ε := ∅ if r = 0), we shall write
MOp
Zzz...
g,g,r,~ε := MOp
Zzz...
g,g,r ×MOpg,g,r MOpg,g,r,~ε(116) (
resp., MOp
p-nilp
g,g,r,~ε := MOp
p-nilp
g,g,r ×MOpg,g,r MOpg,g,r,~ε
)
.
Definition 3.8.1.
Let S be a k-scheme and X := (X/S, {σi}ri=1) a pointed stable curve over S of
type (g, r). We shall say that a generic Miura g-oper on X is dormant (resp.,
p-nilpotent) if it is classified by MOp
Zzz...
g,g,r (resp., MOp
p-nilp
g,g,r ). In other words,
a dormant (resp., p-nilpotent) generic Miura g-oper is a generic Miura g-oper
whose underlying g-oper is dormant (resp., p-nilpotent) (cf. [39], Definition
3.6.1 and Definition 3.8.3).
Remark 3.8.2.
Recall from [39] , § 3.12, (323), the moduli stack
Opg,g,r,(~ρ) (resp., Op
Zzz...
g,g,r,(~ρ); resp., Op
p-nilp
g,g,r,(~ρ))(117)
(defined for each ~ρ ∈ c(k)×r) classifying pointed stable curves over k of type
(g, r) together with a g-oper (resp., a dormant g-oper; resp., a p-nilpotent g-
oper) on it (of radii ~ρ ∈ c(k)×r). (Notice that in loc. cit., we denoted these
moduli stacks by Opg,(~ρ,)g,r, Op
Zzz...
g,(~ρ,)g,r, Op
p-nilp
g,(~ρ,)g,r respectively. We refer to [39]
for various properties of these moduli stacks.
Let ~ε ∈ t(k)×r (where ~ε := ∅ if r = 0). According to the discussion in
Remark 3.6.3, the assignment from each generic Miura g-oper to its underlying
g-oper determines a morphism
g,g,r,~ε :
(
CCog,g,r,~ε
Ξg,g,r,~ε,p−1
−−−−−−→
∼
)
MOpg,g,r,~ε → Opg,g,r,χ(~ε)(118)
over Mg,r. This morphism restricts to morphisms
Zzz...
g,g,r,~ε : MOp
Zzz...
g,g,r,~ε → Op
Zzz...
g,g,r,χ(~ε),
p-nilp
g,g,r,~ε : MOp
p-nilp
g,g,r,~ε → Op
p-nilp
g,g,r,χ(~ε).(119)
We shall refer to g,g,r,~ε (resp.,
Zzz...
g,g,r,~ε; resp.,
p-nilp
g,g,r,~ε) as the universal Miura trans-
formation (resp., universal dormant Miura transformation; resp., uni-
versal p-nilpotent Miura transformation). Moreover, these morphisms fit
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into the following commutative diagram:
MOp
Zzz...
g,g,r,~ε
//
Zzz...
g,g,r,~ε

MOp
p-nilp
g,g,r,~ε
// //
p-nilp
g,g,r,~ε

MOpg,g,r,~ε
g,g,r,~ε

Op
Zzz...
g,g,r,χ(~ε)
// Op
p-nilp
g,g,r,χ(~ε)
// Opg,g,r,χ(~ε),
(120)
where all the horizontal arrows are closed immersions and both sides of square
diagrams are cartesian.
Theorem 3.8.3.
(i) The isomorphism Ξg,g,r,~ε,p−1 restricts to an isomorphism
Ξ
p-nilp
g,g,r,~ε,p−1
: CCo
p-nilp
g,g,r,~ε
∼
→MOp
p-nilp
g,g,r,~ε.(121)
In particular, both MOp
p-nilp
g,g,r,~ε and MOp
Zzz...
g,g,r,~ε are finite over Mg,r.
(ii) We have the decomposition
MOp
Zzz...
g,g,r =
∐
~ε∈t(Fp)×r
MOp
Zzz...
g,g,r,~ε.(122)
In particular, MOp
Zzz...
g,g,r,~ε is empty unless ~ε ∈ t(Fp)
×r (or ~ε = ∅).
Proof. Let us consider assertion (i). By the various definitions involved, the
square diagram
CCog,g,r,~ε
Ξg,g,r,~ε,p−1
−−−−−−→
∼
MOpg,g,r,~ε
Ψg,g,r,~ε
y y κb,g,r,~ε⊕⊗
t,g,r ←−−−−−⊕⊗b→t,g,r
⊕⊗
b,g,r
(123)
is commutative, where Ψg,g,r,~ε := Ψg,g,r|CCog,g,r,~ε (cf. (67)) and κb,g,r,~ε := κb,g,r|MOpg,g,r,~ε
(cf. (113)). On the other hand, CCo
p-nilp
g,g,r,~ε and MOp
p-nilp
g,g,r,~ε are the inverse im-
ages of ⊕⊗−1t→c,g,r([0]c,g,r) (which is a closed substack of
⊕⊗
t,g,r) via Ψg,g,r,~ε and
the composite ⊕⊗b→t,g,r ◦ κb,g,r,~ε respectively. Hence, by the commutativity of
(123), the isomorphism Ξg,g,r,~ε,p−1 restricts to an isomorphism Ξ
p-nilp
g,g,r,~ε,p−1
as of
(121). Moreover, since MOp
Zzz...
g,g,r,~ε is a closed substack of MOp
p-nilp
g,g,r,~ε, it follows
from the isomorphism Ξ
p-nilp
g,~a,g,r,p−1
and Proposition 2.6.2 that both MOp
p-nilp
g,g,r,~ε
and MOp
Zzz...
g,g,r,~ε are finite over Mg,r. This completes the proof of assertion (i).
Assertion (ii) follows directly from assertion (i) and Corollary 2.5.3. 
MODULI OF TANGO STRUCTURES AND DORMANT MIURA OPERS 37
3.9. From Miura sl2-opers to Miura g-opers.
We shall construct a morphism from the moduli stack of generic Miura sl2-
opers to the moduli stack of generic g-opers.
Let us write p◦0 :=
(
1 0
0 −1
)
, p◦1 :=
(
0 1
0 0
)
, and p◦−1 :=
(
0 0
1 0
)
. The
sl2-triple {p−1, 2ρˇ, p1} given in § 3.4 determines a Lie algebra homomorphism
ιg : sl2 → g(124)
in such a way that ιg(p
◦
0) = 2ρˇ, ιg(p
◦
1) = p1, and ιg(p
◦
−1) = p−1. It follows
from [39], Proposition 2.5.1, that there exists a unique homomorphism ιB :
BPGL2 → B of algebraic groups that is compatible, in the natural sense, with
ιg. ιB restricts to a homomorphism ιT : TPGL2 → T.
Let T log be an fs log scheme over k and U log a log-curve over T log. By the defi-
nition of E †T := E
†
T,U log/T log , there exists a canonical isomorphism E
†
TPGL2
×TPGL2 ,ιT
T
∼
→ E †T. Moreover, the collection of data (E
†
BPGL2
, E ′†BPGL2
, η†EBPGL2
) becomes
(E †B, E
′†
B , η
†
EB
) after change of structure group by ιT.
Now, let us fix ~ε := (εi)
r
i=1 ∈ tPGL2(k)
×r if r > 0 (resp., ~ε := ∅ if r = 0).
Write ιg(~ε) := (ιg(εi))
r
i=1 ∈ t(k)
×r (resp., ιg(~ε) := ∅). Suppose further that we
are given a p◦−1-special Miura g-oper Ê
♠♦ := (E †BPGL2
,∇E , E ′
†
BPGL2
, η†EBPGL2
) on
U log/T log of exponent ~ε. According to [39], the discussion following Definition
2.7.1, the underlying sl2-oper (E
†
BPGL2
,∇E) induces a g-oper (E
†
B, ιg∗(∇E)) on
U log/T log by change of structure group. Moreover, the collection of data
ι∗g(Ê
♠♦) := (E †B, ιg∗(∇E), E
′†
B, η
†
EB
)(125)
forms a p−1-spacial Miura g-oper on X of exponent ιg(~ε).
Proposition 3.9.1.
Let ~ε be as above. Then, the assignment Ê♠♦ 7→ ι∗g(Ê
♠♦) is compatible with
base-change over S, and hence, determines a morphism
MOpsl2,g,r,~ε →MOpg,g,r,ιg(~ε)(126)
over Mg,r, which restricts to a morphism
MOp
Zzz...
sl2,g,r,~ε
→MOp
Zzz...
g,g,r,ιg(~ε).(127)
In particular, MOp
Zzz...
g,g,r,ιg(~ε)
is nonempty if MOp
Zzz...
sl2,g,r,~ε
is nonempty (cf. Re-
mark 6.3.3, in which we will discuss the case where MOp
Zzz...
sl2,g,r,~ε
is nonempty).
Proof. The assertion follows from the above discussion and [39], Proposition
3.2.3. 
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4. Miura GLn opers on pointed stable curves
In this section, we describe Miura sln-opers in terms of vector bundles. Let
us fix a positive integer n, and suppose that the characteristic char(k) of k is
either 0 or a prime p with n < p. For a vector bundle F , an integer l with
0 ≤ l ≤ n− 1 and an n-step decreasing filtration f := {F j}nj=0 on F , we shall
write grlf := F
l/F l+1. Also, write grf :=
⊕n−1
l=0 gr
l
f .
4.1. GLn-opers on a log-curve.
We first recall the definition of a GLn-oper on a log-curve (cf. [39], Definition
4.3.1). Let T log be an fs log scheme over k, and U log a log-curve over T log.
Definition 4.1.1.
(i) A GLn-oper on U
log/T log is a collection of data
F♥ := (F ,∇F , f ),(128)
where
• F denotes a vector bundle on U of rank n;
• ∇F denotes a T log-connection F → ΩU log/T log ⊗ F on F ;
• f denotes an n-step decreasing filtration {F j}nj=0 on F consisting
of subbundles
0 = Fn ⊆ Fn−1 ⊆ · · · ⊆ F0 = F ,(129)
satisfying the following three conditions:
(1) The subquotients grjf (= F
j/F j+1) (0 ≤ j ≤ n−1) are line bundles;
(2) ∇F(F
j) ⊆ ΩU log/T log ⊗F
j−1 (1 ≤ j ≤ n− 1);
(3) The OX-linear morphism
KSj
F♥
: grjf → ΩU log/T log ⊗ gr
j−1
f(130)
defined by assigning a 7→ ∇F(a) for any local section a ∈ F
j
(where (−)’s denote the image in the respective quotients), which
is well-deined by virtue of the second condition, is an isomorphism.
If U log/T log = XX-log/SX-log for some pointed stable curve X := (X/S,
{σi}ri=1), then we shall refer to any GLn-oper on X
X-log/SX-log as a GLn-
oper on X.
(ii) Let F♥ := (F ,∇F , f ) and G
♥ := (G,∇G , g) be GLn-opers on U
log/T log.
An isomorphism of GLn-opers from F♥ to G♥ is an isomorphism
(F ,∇F)
∼
→ (G,∇G) of integrable vector bundles compatible with the
respective filtrations f and g .
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4.2. Miura GLn-opers.
Next, we define the notion of a Miura GLn-oper. Let us consider the triple
(F , f , f −)(131)
consisting of a rank n vector bundle F on U and two n-step decreasing filtra-
tions f := {F j}nj=0, f
− := {F−,j}nj=0 on F such that for each j ∈ {0, · · · , n},
the composite αj : F−,j →֒ F ։ F/Fn−j is an isomorphism, equivalently, the
composite βj : F j →֒ F ։ F/F−,n−j is an isomorphism. The composite
F−,j−1
αj−1
−−−→
∼
F/Fn−j+1։ F/Fn−j
α−1j
−−→
∼
F−,j(132)
(where j ∈ {1, · · · , n}) determines a split surjection of the short exact sequence
0→ F−,j → F−,j−1 → grj−1
f −
→ 0, which gives rise to a decomposition
γj : F
−,j−1 ∼→ F−,j ⊕ grj−1
f −
.(133)
Also, this fact implies that the kernel of the surjection F/Fn−j+1 ։ F/Fn−j
(appeared as the second arrow in (132)) is isomorphic to grj−1
f −
. That is to say,
we have a canonical isomorphism
δj,f ,f − : gr
n−j
f
∼
→ grj−1
f −
.(134)
Notice that F decomposes into the direct sum of n line bundles {grlf −}
n−1
l=0 by
means of the composite isomorphism
γ(F ,f ,f −) : F
∼
→ F−,1 ⊕ gr0f −
∼
→ F−,2 ⊕ gr1f − ⊕ gr
0
f −
∼
→ · · ·
∼
→
n−1⊕
l=0
grlf −
(
= grf −
)
,
(135)
where the j-th isomorphism (for each j ∈ {1, · · · , n}) arises from γj. In the
following, we shall consider F as being equipped with a grading (indexed by
{0, · · · , n− 1}) by means of γ(F ,f ,f −), i.e., a grading whose j-th component is
grj
f −
.
Conversely, let us consider a rank n vector bundle F on U of the form
F =
⊕n−1
l=0 Fl, where each Fl (l ∈ {0, · · · , n − 1}) is a line bundle. For each
subset I of {0, · · · , n − 1}, we shall consider
⊕
l∈I Fl as an OU -submodule of
F in the evident manner. For each j ∈ {0, · · · , n− 1}, we shall write
F j :=
n−1−j⊕
l=0
Fl, F
−,j :=
n−1⊕
l=j
Fl.(136)
and write Fn := 0, F−,n := 0. The vector bundle F admits two decreasing
filtrations f , f − on F defined as follows:
f := {F j}nj=0, f
− := {F−,j}nj=0.(137)
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In particular, the composite F−,j →֒ F ։ F/Fn−j (for each j ∈ {0, · · · , n})
is an isomorphism. In this manner, one may identify each triple (F , f , f −) as
in (131) with a rank n vector bundle decomposing into a direct sum of n line
bundles.
Definition 4.2.1.
(i) A (generic) Miura GLn-oper on U
log/T log is a quadruple
F̂♥ := (F ,∇F , f , f
−),(138)
where the triple (F , f , f −) is as in (131) and∇F denotes a T
log-connection
on F , such that
∇F (F
−,j) ⊆ ΩU log/T log ⊗ (F
−,j)(139)
for any j ∈ {0, · · · , n} and the triple
F♥ := (F ,∇F , f )(140)
forms a GLn-oper on U
log/T log. We shall refer to F♥ as the underlying
GLn-oper of F̂♥. If U log/T log = XX-log/SX-log for some pointed stable
curve X := (X/S, {σi}ri=1), then we shall refer to any (generic) Miura
GLn-oper on X
X-log/SX-log as a (generic) Miura GLn-oper on X.
(ii) Let F̂♥ := (F ,∇F , f , f −) and F̂
′♥ := (F ′,∇F ′, f ′, f ′−) be Miura GLn-
opers on U log/T log. An isomorphism of (generic) Miura GLn-opers
from F̂♥ to F̂ ′♥ is an isomorphism α : (F ,∇F)
∼
→ (F ′,∇F ′) of log
integrable vector bundles which restricts to isomorphisms α|Fj : F
j ∼→
F ′j and α|F−,j : F
−,j ∼→ F ′−,j for any j ∈ {0, · · · , n}.
Definition 4.2.2.
Assume that k has characteristic p with n < p. We shall say that a GLn-oper
F♥ := (F ,∇F , f ) (resp., a Miura GLn-oper F̂♥ := (F ,∇F , f , f −)) on X is
dormant if ψ(F ,∇F) = 0.
Remark 4.2.3.
If F̂♥ := (F ,∇F , f , f −) is a Miura GLn-oper on U log/T log. By the condition
(139), the T log-connection ∇F induces, for each l ∈ {0, · · · , n − 1}, a T
log-
connection
grlf −(∇F) : gr
l
f − → ΩU log/T log ⊗ gr
l
f −(141)
on the line bundle grlf − . In particular, we have a log integrable vector bundle
grf −(F̂
♥) := (grf −,
n−1⊕
l=0
grlf −(∇F))
(
=
n−1⊕
l=0
(grlf −, gr
l
f −(∇F))
)
(142)
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on U log/T log.
Also, let F̂ ′♥ := (F ′,∇F ′, f ′, f ′−) be another Miura GLn-oper on U log/T log
and α : F̂♥
∼
→ F̂ ′♥ an isomorphism of Miura GLn-opers. By taking the
gradings grf − and grf ′− of f
− and f ′− respectively, we obtain an isomorphism
gr(α) : grf −(F̂
♥)
∼
→ grf ′−(F̂
′♥)(143)
of log integrable vector bundles which makes the square diagram
F
α
−−−→
∼
F ′
γ(F,f ,f−)
y≀ ≀yγ(F′,f ′,f ′−)
grf −
∼
−−−→
gr(α)
grf ′−
(144)
of vector bundles commute.
4.3. Special Miura GLn-opers.
Let U log/T log be as before and N a line bundle on U . Recall the rank n
vector bundle F [n]†N :=
⊕n−1
l=0 F
†
N ,l (cf. (54)). We shall write
(F [n]†N , f
†
N , f
−,†
N )(145)
for the triple corresponding (via the identification mentioned in the italicized
comment preceding Definition 4.2.1) to the direct sum F [n]†N of n line bundles
(cf. (54)). In particular,
grj
f
†
N
(= F †N ,n−j−1) = T
⊗(n−j−1)
U log/T log
⊗N , grj
f
−,†
N
(= F †N ,j) = T
⊗j
U log/T log
⊗N .
(146)
Definition 4.3.1.
Let N ♭ := (N ,∇N ) be a log integrable line bundle on U log/T log. We shall say
that a Miura GLn-oper on U
log/T log is N ♭-special if it is of the form
F̂♥♦N := (F
[n]†
N ,∇F , f
†
N , f
−,†
N )(147)
and satisfies the following two conditions:
• The equality N ♭ = (gr0f − , gr
0
f −(∇F)) holds;
• For each j ∈ {0, · · · , n − 1}, the automorphism of T ⊗(n−j−1)
U log/T log
⊗ N ob-
tained from the isomorphism
KSj
F♥N
: grj
f
†
N
(
= T ⊗(n−j−1)
U log/T log
⊗N
)
∼
→ ΩU log/T log ⊗ gr
j−1
f
†
N
(
= T ⊗(n−j−1)
U log/T log
⊗N
)(148)
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(cf. (130)) coincides with the identity morphism, where F♥N denotes
the underlying GLn-oper of F̂
♥♦
N .
Remark 4.3.2.
If F̂♥♦ := (F [n]†N ,∇F , f
†
N , f
−,†
N ) is an N
♭-special Miura GLn-oper, then the log
integrable vector bundle gr
f
−,†
N
(F̂♥♦) (cf. Remark 4.2.3) forms a (GLn,N ♭)-
Cartan connection.
Proposition 4.3.3.
Let F̂♥ := (F ,∇F , f , f −) be a Miura GLn-oper on U log/T log. Write N :=
gr0
f −
and N ♭ := (N , gr0
f −
(∇F)). Then, there exists a unique pair (F̂♥♦, ιF̂♥)
consisting of
• an N ♭-special Miura GLn-oper F̂♥♦ := (F
[n]†
N ,∇F†, f
†
N , f
−,†
N ) on U
log/T log,
and
• an isomorphism ιF̂♥ : F̂
♥ ∼→ F̂♥♦ of Miura GLn-opers such that the
automorphism of N ♭ defined as the 0-th component of gr(ιF̂♥) coincides
with the identity morphism.
Proof. First, we shall consider the existence assertion. Let us fix j ∈ {1, · · · , n−
1}. For each l ∈ {0, · · · , j − 1}, we shall write ιlj for the composite
ιlj : T
⊗l
U log/T log
⊗ grj−l
f −
∼
→ T ⊗l
U log/T log
⊗ grn−j+l−1f(149)
∼
→ T ⊗(l+1)
U log/T log
⊗ grn−j+lf
∼
→ T ⊗(l+1)
U log/T log
⊗ grj−l−1
f −
,
where the first and third arrow denote idT ⊗l
U log/T log
⊗ δ−1j−l+1,f ,f − and idT ⊗(l+1)
U log/T log
⊗
δj−l,f ,f − respectively and the second arrow denotes idT ⊗(l+1)
U log/T log
⊗ (KSn−j+l
F♥
)−1.
Then, we obtain the following composite isomorphism
ιj := ι
j−1
j ◦ ι
j−2
j ◦ · · · ◦ ι
0
j : gr
j
f −
∼
→ T ⊗j
U log/T log
⊗ gr0f − (= F
†
N ,j).(150)
Write ι0 := idgr0
f−
and write
ιF̂♥ :=
(
n−1⊕
j=0
ιj
)
◦ γ(F ,f ,f−) : F
∼
→ F [n]†N .(151)
Also, write ∇F† for the T
log-connection on F [n]†N corresponding, via ιF̂♥ , to ∇F .
It follows from the definitions of ιF̂♥ and ∇F† that the quadruple
F̂♥♦ := (F [n]†N ,∇F†, f
†
N , f
−,†
N )(152)
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specifies a Miura GLn-oper on U
log/T log and ιF̂♥ specifies an isomorphism
F̂♥
∼
→ F̂♥♦ of Miura GLn-opers. Moreover, if F
♥♦ denotes the underlying
GLn-oper of F̂♥♦, then for each j ∈ {1, · · · , n − 1} the following sequence of
equalities hold:
KSj
F♥♦
(153)
= (idΩ
U log/T log
⊗ ιn−j) ◦ (idΩ
U log/T log
⊗ δn−j+1,f ,f −) ◦ KS
j
F♥
◦ δ−1n−j,f ,f − ◦ ι
−1
n−j−1
= (idΩ
U log/T log
⊗ ιn−j−1n−j ) ◦ · · · ◦ (idΩU log/T log ⊗ ι
0
n−j) ◦ (idΩU log/T log ⊗ (ι
0
n−j)
−1)
◦ (ι0n−j−1)
−1 ◦ · · · ◦ (ιn−j−2n−j−1)
−1
= (idΩ
U log/T log
⊗ ιn−j−1n−j ) ◦ · · · ◦ (idΩU log/T log ⊗ ι
1
n−j) ◦ (ι
0
n−j−1)
−1 ◦ · · · ◦ (ιn−j−2n−j−1)
−1
= (idΩ
U log/T log
⊗ ιn−j−1n−j ) ◦ · · · ◦ (idΩU log/T log ⊗ ι
2
n−j) ◦ (ι
1
n−j−1)
−1 ◦ · · · ◦ (ιn−j−2n−j−1)
−1
= · · ·
= idgrn−j−1
f−,†
,
where the second equality follows from the equality
idΩ
U log/T log
⊗ (ι0n−j)
−1 = (idΩ
U log/T log
⊗ δn−j+1,f ,f −) ◦ KS
j
F♥
◦ δ−1n−j,f ,f −(154)
and all the equalities after the third equality follow from the equalities (idΩ
U log/T log
⊗
ιl+1n−j) = ι
l
n−j−1 (l = 0, · · · , n − j − 2). This implies that the Miura GLn-oper
F̂♥♦ is N ♭-special, and hence, completes the existence assertion.
The uniqueness assertion may be immediately verified. Indeed, let (F̂♥♦, ιF̂♥)
(where F̂♥♦ := (F [n]†N ,∇F† , f
†, f −,†)) be a desired pair. Since KSj
F♥
and KSj
F♥♦
(for any j) are compatible, ιF̂♥ turns out to coincide with the isomorphism
“ιF̂♥” as defined by (151). Also, ∇F† must be the T
log-connection correspond-
ing to ∇F via ιF̂♥ . Thus, (F̂
♥♦
N , ιF̂♥) is uniquely determined. This completes
the proof of Proposition 4.3.3. 
Definition 4.3.4.
For each Miura GLn-oper F̂
♥ on U log/T log, we shall refer to the pair (F̂♥♦, ιF̂♥)
obtained by applying Proposition 4.3.3 to F̂♥ as the specialization of F̂♥.
Next, let us assume that n > 1 and r > 0. Let S be a k-scheme, X :=
(X/S, {σi}ri=1) a pointed stable curve of type (g, r) over S, F̂
♥ := (F ,∇F , f , f −)
a Miura GLn-oper on X. Denote by (F̂♥♦, ιF̂♥) the specialization of F̂
♥, where
F̂♥♦ := (F [n]†N ,∇F†, f
†
N , f
−,†
N ). Then, for each i ∈ {1, · · · , r}, we obtain an ele-
ment
ǫF̂
♥
i := µ
(gr
f
−,†
N
,gr
f
−,†
N
(∇
F†
))
i ∈ Γ(S,OS)
⊕n (= tGLn(S)).(155)
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Definition 4.3.5.
Let ~ǫ := (ǫi)
r
i=1 ∈ tGLn(S)
×r. We shall say that a Miura GLn-oper F̂♥ is of
exponent ~ǫ if the equality ǫF̂
♥
i = ǫi holds for any i ∈ {1, · · · , r}. If r = 0,
then we shall refer to any Miura GLn-oper as being of exponent ∅.
4.4. From Miura GLn-opers to Miura sln-opers.
In the following (cf. Theorem 4.4.1), we construct bijections between the
set of special Miura GLn-opers and other objects defined so far. Let S be a
k-scheme, X := (X/S, {σi}ri=1) a pointed stable curve over S of type (g, r).
First, let F̂♥ := (F ,∇F , f , f −) be an O♭X-special Miura GLn-oper on a
pointed stable curve X. The underlying GLn-oper (F ,∇F , f ) induces natu-
rally an sln-oper (EB,∇E) on X (cf. [39], the discussion following Lemma 4.4.1).
Also, the filtration f − determines a B-reduction of EG := EB ×B G, that is to
say, a B-torsor E ′B together with an isomorphism ηE : E
′
B×
BG
∼
→ EG. It follows
from the definition of a Miura GLn-oper that the quadruple
F̂♥♠ := (EB,∇E , E
′
B, ηE)(156)
forms a generic Miura sln-oper on X. Hence, we obtain an assignment F̂♥ 7→
F̂♥♠ from each O♭X-special Miura GLn-opers on X to a generic Miura sln-opers
on X.
Next, let us consider a natural decomposition
EndOX (F
[n]†
OX
,ΩXlog/Slog ⊗ F
[n]†
OX
) =
n−1⊕
l,l′=0
EndOX (F
†
OX ,l
,ΩXlog/Slog ⊗ F
†
OX ,l′
).
(157)
The (l′′, l′′ + 1)-th component (for each l′′ ∈ {0, · · · , n− 2}) in the right-hand
side of (157) admits a natural identification
EndOX (F
†
OX ,l′′
,ΩXlog/Slog ⊗F
†
OX ,l′′+1
)(158)
= EndOX (T
⊗l′′
Xlog/Slog
,ΩXlog/Slog ⊗ T
⊗(l′′+1)
Xlog/Slog
)
∼= Γ(X,OX).
= k.
Let
(el,l′)l,l′ ∈
n−1⊕
l,l′=0
EndOX (F
†
OX ,l
,ΩXlog/Slog ⊗ F
†
OX ,l′
)(159)
be the element defined in such a way that el,l′ = 1 (via the identification (158))
if l + 1 = l′ and el,l′ = 0 if otherwise. The element (el,l′)l,l′ corresponds, via
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(157), to an OX -linear morphism
∇0 : F
[n]†
OX
→ ΩXlog/Slog ⊗ F
[n]†
OX
.(160)
Now, let F̂♣ := (F [n]†OX ,
⊕n−1
l=0 ∇l) be a (GLn,O
♭
X)-Cartan connection on X.
The sum ∇0 +
⊕n−1
l=0 ∇l specifies an S
log-connection on F [n]†OX , and moreover,
the quadruple
F̂♣♥ := (F [n]†OX ,∇0 +
n−1⊕
l=0
∇l, f
†
OX
, f −,†OX )(161)
forms an O♭X-special Miura GLn-oper on X. One verifies immediately that the
assignment F̂♣ 7→ F̂♣♥ determines a functorial (with respect to S) bijection
from the set of (GLn,O♭X)-Cartan connections on X to the set of isomorphism
classes of O♭X -special Miura GLn-opers on X. Indeed, the inverse map is given
by assigning, to each O♭X -special Miura GLn-oper F̂
♥, the (GLn,O♭X)-Cartan
connection gr
f
−,†
OX
(F̂♥♦) (cf. Remark 4.3.2), where let (F̂♥♦, ιF̂♥) be the spe-
cialization of F̂♥.
Here, for each ~ε := ((εi1, εi2, · · · , εi(n−1)))ri=1 ∈ (Γ(S,OS)
⊕(n−1))×r, we write
~ε+0 := ((0, εi1, εi2, · · · , εi(n−1)))
r
i=1 ∈ (Γ(S,OS)
⊕n)×r = tGLn(S)
×r(162)
and
[~ε ] := π(~ε+0)(163)
(cf. (60) for the definition of π). If r = 0 and ~ε := ∅, then we write ~ε+0 := ∅
and [~ε ] := ∅.
Theorem 4.4.1.
Let ~ε ∈ (Γ(S,OS)⊕(n−1))×r (where ~ε := ∅). Then, the following square diagram
is commutative (cf. Remark 3.4.1 for the construction of the lower horizontal
morphism):
 the set of (GLn,O♭X)-Cartan connections
on X of monodromy ~ε+0
 F̂♣ 7→F̂♣♥−−−−−−→
∼
 the set of isomorphism classesof O♭X-special Miura GLn-opers
on X of exponent ~ε+0

y≀ yF̂♥ 7→F̂♥♠the set of sln-Cartanconnections on X of
monodromy [~ε ]
 ∼−−−→
(106)
 the set of isomorphismclasses of Miura sln-opers
on X of exponent [~ε ]
 ,
(164)
where the left-hand vertical arrow denotes the second arrow in (61). In partic-
ular, the right-hand vertical arrow F̂♥ 7→ F̂♥♠ turns out to be bijective.
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Proof. The assertion follows from the various definitions of maps involved. 
5. Pre-Tango structures on a log-curve
In this section, we recall the notion of a Tango structures on a smooth curve
(cf., e.g., [32], [33] for various discussions concerning Tango structures) and
study its generalization, i.e., a pre-Tango structure on a pointed stable curve.
Our purpose is to understand the relationship between pre-Tango structures
and generic Miura opers. The main result of this section (cf. Theorem 5.4.1)
asserts that there exists a canonical bijective correspondence between the set
of pre-Tango structures (of monodromy ~ε) and the set of isomorphism classes
of dormant generic Miura sl2-opers (of exponent ~ε).
5.1. Tango structures on a smooth curve.
In this section, we assume that k has characteristic p > 2. We first recall
the definition of a Tango structure on a smooth curve. Let T be a k-scheme
and U a smooth curve over T . Denote by BU/T (⊆ ΩU/T ) the sheaf of locally
exact 1-forms on U relative to T . The direct image FU/T∗(BU/T ) (cf. § 1.7 for
the definition of FU/T ) forms a vector bundle on U
(1)
T of rank p− 1.
Now, let L be a line subbundle of FU/T∗(BU/T ). Consider the OU (1)T
-linear
composite
L →֒ FU/S∗(BU/S) →֒ FU/S∗(ΩU/S),(165)
where the first arrow denotes the natural inclusion and the second arrow de-
notes the morphism obtained by applying the functor FU/S∗(−) to the natural
inclusion BU/S →֒ ΩU/S. This composite corresponds to a morphism
ξL : F
∗
U/T (L)→ ΩU/T(166)
via the adjunction relation “F ∗U/T (−) ⊣ FU/T∗(−)”.
Definition 5.1.1.
We shall say that L is a Tango structure on U/T if the morphism ξL is an
isomorphism.
Remark 5.1.2.
Suppose that X is a geometrically connected, proper, and smooth curve over
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k of genus g (> 1). Also, suppose that X/k admits a Tango structure L
(⊆ FX/k∗(BX/k)). Then, since F ∗X/k(L)
∼= ΩX/k, the following equalities hold:
deg(L) =
1
p
· deg(F ∗X/S(L)) =
1
p
· deg(ΩX/S) =
2(g − 1)
p
.(167)
In particular, if p ∤ g − 1, then there is no Tango structure on X/k.
Remark 5.1.3.
Let X be as in Remark 5.1.2 above. Then, a Tango structure L ⊆ FX/k∗(BX/k)
on X/k is completely determined the isomorphism class [L] of the underly-
ing line bundle L. Indeed, if L ⊆ FX/k∗(BX/k) and L′ ⊆ FX/k∗(BX/k) are
Tango structures on X/k admitting an isomorphism L
∼
→ L′. The map of
sets IsomO
X
(1)
k
(L,L′) → IsomOX (F
∗
X/k(L), F
∗
X/k(L
′)) induced by pull-back via
FX/k is bijective because it may be identified, by means of a fixed isomor-
phism L
∼
→ L′, with the identity morphism of k×. Hence, the isomorphism
ξ−1L′ ◦ξL : F
∗
X/k(L)
∼
→ F ∗X/k(L
′) comes from some isomorphism ξ : L
∼
→ L′, which
is verified (by the adjunction relation “F ∗X/k(−) ⊣ FX/k∗(−)”) to be compatible
with the respective inclusions L ⊆ FX/k∗(BX/k) and L
′ ⊆ FX/k∗(BX/k). This
implies that L and L′ specify the same Tango structure.
5.2. From Tango structures to dormant Miura GL2-opers.
In the following, we shall discuss a construction of dormant Miura GL2-
oper on U/T by means of a Tango structure. Let L (⊆ FU/T∗(BU/T )) be
a Tango structure on U/T . Denote by GL the inverse image of L via the
surjection FU/T∗(OU) → FU/T∗(BU/T ) induced from the universal derivation
d : OU → ΩU/T . We have an inclusion of short exact sequences:
0 // O
U
(1)
T
||
// GL
⋂
// L
⋂
// 0
0 // O
U
(1)
T
// FU/T∗(OU) // FU/T∗(BU/T ) // 0.
(168)
Consider the following inclusion of short exact sequences defined to be the
pull-back of (168) via FU/T :
0 // OU
||
// F ∗U/T (GL)
⋂
// F ∗U/T (L)
⋂
// 0
0 // OU // F ∗U/T (FU/T∗(OU))
// F ∗U/T (FU/T∗(BU/T ))
// 0.
(169)
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Then, the morphism
F ∗U/T (FU/T∗(OU))→ OU(170)
corresponding, via the adjunction relation “F ∗U/T (−) ⊣ FU/T∗(−)”, to the iden-
tity morphism FU/T∗(OU) → FU/T∗(OU ) is verified to be a split surjection of
the lower sequence in (169). This split surjection determines a decomposition
F ∗U/T (FU/T∗(OU))
∼
→ F ∗U/T (FU/T∗(BU/T ))⊕OU ,(171)
which restricts to an isomorphism
F ∗U/T (GL)
∼
→ F ∗U/T (L)⊕OU .(172)
Hence, we obtain a composite isomorphism
F ∗U/T (GL ⊗ L
∨)
∼
→ F ∗U/T (GL)⊗ F
∗
U/T (L
∨)(173)
∼
→ (F ∗U/T (L)⊕OU)⊗ F
∗
U/T (L
∨)
∼
→ OU ⊕ F
∗
U/T (L
∨)
∼
→ OU ⊕ TU/T
∼
→ OU ⊕ TU/T
(
= F [2]†OU
)
,
where the second and fourth arrows arise from (172) and ξL respectively and the
fifth arrow arises from both idOU and the automophism of TU/T determined by
multiplication by (−1). Denote by ∇L the T -connection on F
[2]†
OU
corresponding
to the T -connection ∇canGL⊗L∨ (resp., (26)) via the composite isomorphism (173).
Thus, we obtain a quadruple
T̂an♥♦L := (F
[2]†
OU
,∇L, f
†
OU
, f −,†OU ).(174)
Proposition 5.2.1.
The quadruple T̂an♥♦L forms a dormant O
♭
X-special Miura GL2-oper on U/T .
Moreover, let us write
F̂♣L := (F
[2]†
OU
, d⊕ ξ∨∗L (∇
can
L∨ )),(175)
which specifies a (GL2,O♭U)-Cartan connection on U/T . Then, there exists a
natural isomorphism
gr
f
−,†
OU
(T̂an♥♦L )
∼
→ F̂♣L .(176)
In particular, T̂an♥♦L is isomorphic to F̂
♣♥
L (cf. (161)).
Proof. Let us prove the first assertion. Denote by T̂an♥L
′
the GLn-oper defined
as T̂an♥L (i.e., the underlying GLn-oper of T̂an
♥♦
L ) tensored with the log inte-
grable line bundle (ΩU/T , ξL∗(∇canL )) (where ξL∗(∇
can
L ) denotes the T -connection
on ΩU/T corresponding to ∇
can
L via ξL). In the following, let us use the various
MODULI OF TANGO STRUCTURES AND DORMANT MIURA OPERS 49
notations (e.g., α, β, γ, · · · ) defined in Lemma 5.2.2 below. By the definition
of T̂an♥♦L , the following sequence of equalities holds:
KS1
T̂an♥L
′ = ǫ−1 ◦ β|ΩU/T⊗F ∗U/T (GL) ◦ ∇
can
GL
◦ α|F ∗
U/T
(L) ◦ ξ
−1
L(177)
= ǫ−1 ◦ β ◦ ∇canFU/T∗(OU ) ◦ α ◦ incl ◦ ξ
−1
L
= δ ◦ γ ◦ incl ◦ ξ−1L
= idΩU/T ,
where incl denotes the inclusion F ∗U/T (L) →֒ F
∗
U/T (FU/T∗(BU/T )), the third
equality follows from Lemma 5.2.2 below, and the last equality follows from
the definition of ξL. This implies the equality KS1T̂an♥L
= idOU , and hence,
completes the first assertion.
The second assertion follows directly from the definition of T̂an♥♦L . Also,
the third assertion follows from the bijectivity of the upper horizontal arrow in
(164). 
The following lemma was used to prove the above proposition.
Lemma 5.2.2.
The following diagram is commutative:
F ∗U/T (FU/T∗(BU/T ))
α
//
γ

F ∗U/T (FU/T∗(OU))
∇can
FU/T∗(OU )
// ΩU/T ⊗ F
∗
U/T (FU/T∗(OU))
β

F ∗U/T (FU/T∗(ΩU/T )) δ
// ΩU/T ǫ
// ΩU/T ⊗OU
(
= ΩU/T
)
,
(178)
where
• α denotes the split injection of the lower sequence in (169) correspond-
ing to the split surjection (170);
• β denotes the tensor product of (170) and the identity morphism of
ΩU/T ;
• γ denotes the injection arising from the natural inclusion BU/T →֒ ΩU/T ;
• δ denotes the morphism corresponding to the identity morphism FU/S∗(ΩU/T )
→ FU/S∗(ΩU/T ) via the adjunction relation “F
∗
U/T (−) ⊣ FU/T∗(−)”;
• ǫ denotes the automorphism given by multiplication by (−1).
Proof. Since U is flat over T , it suffices to prove Lemma 5.2.2 after restricting U
to its fibers over various geometric points of T . Hence, one may assume that k
is algebraically closed and T = Spec(k). Moreover, as the statement is of local
nature, one may replace U by Spec(k[[x]]) and ΩU/T by the OU -module given
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by the k[[x]]-module k[[x]]dx. Observe that for each OU -module M obtained
from some k[[x]]-module M , we have
Γ(U, F ∗U/T (FU/T∗(M))) = k[[x]]⊗k[[xp]] M.(179)
Then, F ∗U/T (FU/T∗(BU/T )) (⊆ F
∗
U/T (FU/T∗(ΩU/T ))) corresponds to the k[[x]]-
modules
⊕p−2
l=0 k[[x]] · 1 ⊗ x
ldx, and the kernel of (170) corresponds to
⊕p−1
l=1
k[[x]](1⊗xl−xl⊗1). The morphisms α and ∇canFU/T∗(OU ) are given by assigning
1⊗ xldx 7→ 1
l+1
· (1⊗ xl+1− xl+1⊗ 1) and a⊗ b 7→ da⊗ b (for any a, b ∈ k[[x]])
respectively. Hence, the following equalities hold:
β(∇canFU/T∗(OU )(α(1⊗ x
ldx))) = β
(
∇canFU/T∗(OU )
(
1
l + 1
·
(
1⊗ xl+1 − xl+1 ⊗ 1
)))(180)
= β(−xldx⊗ 1)
= −xldx.
On the other hand, we have
ǫ(δ(γ(1⊗ xl))) = ǫ(δ(1⊗ xldx)) = ǫ(xldx) = −xldx.(181)
Thus, the equality β ◦∇canFU/T∗(OU ) ◦α = ǫ◦ δ ◦γ holds. This completes the proof
of Lemma 5.2.2. 
5.3. Pre-Tango structures on a log-curve.
In this section, we shall discuss the definition of a pre-Tango structure on a
pointed stable curve. Let T log be an fs log scheme over k and U log a log-curve
over T log.
Here, recall the Cartier operator
CU log/T log : FU/T∗(ΩU log/T log)→ ΩU (1)logT /T log
(182)
of U log/T log. That is to say, CU log/T log is a unique OU (1)T
-linear morphism whose
composite with the inclusion Ω
U
(1)log
T /T
log → ΩU (1)logT /T log
⊗FU/T∗(OU) induced by
the natural injection O
U
(1)
T
→ FU/T∗(OU ) coincides with the Cartier operator
associated with (OU , d) in the sense of [28], Proposition 1.2.4.
Definition 5.3.1.
A pre-Tango structure on U log/T log is a T log-connection ∇Ω on ΩU log/T log
with vanishing p-curvature satisfying that FU/T∗(Ker(∇Ω)) ⊆ Ker(CU log/T log).
If U log/T log = XX-log/SX-log for a pointed stable curve X := (X/S, {σi}
r
i=1),
then we shall refer to a pre-Tango structure on XX-log/SX-log as a pre-Tango
structure on X.
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If the curve U log/T log under consideration is a non-logarithmic smooth curve,
then the notion of a pre-Tango structure is equivalent to the notion of a Tango
structure defined in Definition 5.1.1, as verified in the following proposition.
Proposition 5.3.2.
Let U/T be as in §§ 5.1-5.2. Then, the assignment ∇Ω 7→ FU/T∗(Ker(∇Ω))
determines a bijection of sets
(183)
(
the set of pre-Tango
structures on U/T
)
∼
→
(
the set of Tango
structures on U/T
)
.
Proof. First, we shall prove the claim that the assignment∇Ω 7→ FU/T∗(Ker(∇Ω))
defines a map from the set of pre-Tango structures on U/T to the set of Tango
structures on U/T . Recall from [17], § 5, p. 190, Theorem 5.1, that the assign-
ments V 7→ (F ∗U/T (V),∇
can
V ) and (F ,∇F) 7→ FU/T∗(Ker(∇F)) determines an
equivalence of categories
(184)
(
the category of
vector bundles on U
(1)
T
)
∼
→
 the category ofintegrable vector bundles on U/T
with vanishing p-curvature
 .
Now, let ∇Ω be a pre-Tango structure on U/T . Equivalence of categories (184)
implies that FU/T∗(Ker(∇Ω)) is a line bundle on U
(1)
T and the morphism
F ∗U/T (FU/T∗(Ker(∇Ω)))→ ΩU/T(185)
corresponding to the inclusion FU/T∗(Ker(∇Ω)) →֒ FU/T∗(ΩU/T ) (via the ad-
junction relation “F ∗U/T (−) ⊣ FU/T∗(−)”) is an isomorphism. Also, since the
sequence
0→ FU/T∗(BU/T )→ FU/T∗(ΩU/T )
CU/T
−−−→ Ω
U
(1)
T /T
→ 0(186)
is exact, the inclusion FU/T∗(Ker(∇Ω)) →֒ FU/T∗(ΩU/T ) factors through the
inclusion FU/T∗(BU/T ) → FU/T∗(ΩU/T ). By taking account of the resulting
injection FU/T∗(Ker(∇Ω)) →֒ FU/T∗(BU/T ), one may regard FU/T∗(Ker(∇Ω))
as a line subbundle of FU/T∗(BU/T ). Thus, because of isomorphism (185),
FU/T∗(Ker(∇Ω)) specifies a Tango structure on U/T . This completes the proof
of the claim.
Next, let L (⊆ FX/S∗(BT/T )) be a Tango structure on U/T . Denote by
ξL∗(∇canL ) the T -connection on ΩU/T corresponding to ∇
can
L via ξL, which has
vanishing p-curvature. By equivalence of categories (184), FU/T∗(Ker(ξL∗(∇
can
L )))
(⊆ FU/T∗(ΩU/T )) turns out to coincide with the image of the composite L →֒
FU/T∗(BU/T ) →֒ FU/T∗(ΩU/T ). But, since (186) is exact, the composite
FU/T∗(Ker(ξL∗(∇
can
L ))) →֒ FU/T∗(ΩU/T )
CU/T
−−−→ Ω
U
(1)
T /T
(187)
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is the zero map. Hence, ξL∗(∇canL ) specifies a pre-Tango structure on U/T . One
verifies that the assignment L 7→ ξL∗(∇canL ) determines the inverse to the map
∇Ω 7→ FU/T∗(Ker(∇Ω)) discussed above. Consequently, we obtain bijection
(183), as desired. 
Example 5.3.3.
We shall consider pre-Tango structures on an (ordinary) elliptic curve. Let
X be a geometrically connected, proper, and smooth curve over k of genus 1.
Suppose thatX is ordinary, i.e., the p-rank of its Jacobian is maximal. One may
find an invariant differential δ ∈ Γ(X,ΩX/k) with CX/k(δ) = δ, which induces
an identification OX
∼
→ ΩX/k (given by assigning s 7→ s · δ for any local section
s ∈ OX). Now, let ∇ be a k-connection on ΩX/k with vanishing p-curvature.
By means of the above identification, ∇ may be considered as a k-connection
on OX , and hence, expressed as ∇ = d + u · δ (for some u ∈ k = Γ(X,OX)).
It follows from [18], Proposition 7.1.2, that ψ(OX ,∇) = 0 implies the equality
(idX × FSpec(k))
∗(u · δ) = CX/k(u · δ) (= u
1
p · CX/k(δ)). Hence, we have u = u
1
p ,
equivalently, u ∈ Fp.
Here, we shall suppose that u 6= 0. If h is a local section of Ker(∇) (⊆ OX),
i.e., a local function satisfying the equality dh = −uhδ, then CX/k(h · δ) =
−u−
1
p ·CX/k(dh) = −u
− 1
p ·0 = 0. This implies that FX/k∗(Ker(∇)) ⊆ Ker(CX/k),
that is to say, ∇ forms a pre-Tango structure on X/k. Next, suppose that
u = 0, i.e., ∇ = d. Then, FX/k∗(Ker(∇)) coincides with OX(1)k
· δ. For any
nonzero local section v of OX , CX/k(v
p · δ) = v · CX/k(δ) = vδ 6= 0. Hence,
FX/k∗(Ker(∇)) * Ker(CX/k), and ∇ is not a pre-Tango structure.
Consequently, we have obtained the fact that the set of pre-Tango structures
on X/k is in bijection with the set of k-connections ∇ on OX with vanishing
p-curvature which is not equal to the universal derivation d. In particular, the
number of pre-Tango structures on X/k is exactly p− 1 (= ♯(Fp \ {0})).
5.4. Pre-Tango structures vs. dormant Miura sl2-opers.
Denote by
Tang,r(188)
the set-valued contravariant functor onSch/Mg,r which, to any object S →Mg,r
(where we shall write X for the pointed stable curve classified by this object),
assigns the set of pre-Tango structures on X. Also, for each ~ε ∈ k×r (where we
take ~ε := ∅ if r = 0), we shall write
Tang,r,~ε(189)
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the subfunctor of Tang,r classifying pre-Tango structures of monodromy ~ε.
Tang,r and Tang,r,~ε may be represented by closed substacks of Cog,r and Cog,r,~ε
respectively. One verifies (from an argument similar to the argument in the
proof of the non-resp’d assertion in Proposition 2.5.2) that Tang,r,~ε is empty
unless ~ε lies F×rp (or ~ε = ∅), and Tang,r decomposes into the disjoint union
Tagg,r =
∐
~ε∈F×rp
Tang,r,~ε.(190)
Moreover, the following Proposition 6.3.2 holds. By this proposition, the notion
of a dormant generic Miura g-oper may be thought of as a generalization of the
notion of a Tango structure.
Theorem 5.4.1 (Theorem A, (i)).
Let ~ε := (εi)
r
i=1 ∈ k
×r, and write −~ε := (−εi)ri=1 (where ~ε := ∅ and −~ε := ∅ if
r = 0). Then, the composite isomorphism
Cog,r,−~ε
(62)
−−→
∼
CCosl2,g,r,[~ε ]
Ξsl2,g,r,[~ε],p◦−1
−−−−−−−−→
∼
MOpsl2,g,r,[~ε ](191)
restricts to an isomorphism
Tang,r,−~ε
∼
→MOp
Zzz...
sl2,g,r,[~ε ]
(192)
over Mg,r.
Proof. Let S be a k-scheme and X := (X/S, {σi}ri=1) a pointed stable curve
over S of type (g, r). Also, let ∇ be an S log-connection on ΩXlog/Slog classified
by Cog,r,−~ε. Denote by F̂♥♦ := (F
[2]†
OX
,∇F , f
†
OX
, f −,†OX ) be an O
♭
X -special Miura
GL2-oper on X determined by ∇ via the composite of (191) and the inverse of
the right-hand vertical arrow in the diagram (164). In order to complete the
proof, it suffices to prove the claim that ∇ specifies a pre-Tango structure on
X if and only if F̂♥♦ is dormant.
To begin with, denote by U the smooth locus of X \Supp(DX) relative to S,
where DX denotes the effective relative divisor on X defined to be the union
of the image of the marked points σi (i = 1, · · · , r). We equip U with the log
structure pulled-back from X log via the open immersion U →֒ X . Denote by
U log the resulting log scheme. Then, since the natural projection U log → S log
is strict (cf. [14], § 1.2), each pre-Tango structure (resp., Miura GL2-oper) on
U log/S log may be identified with a pre-Tango structure (resp., Miura GL2-oper)
on U/S.
Now, suppose that ∇ specifies a pre-Tango structure. By Proposition 5.3.2,
the restriction ∇|U corresponds (via the bijection (183)) to a Tango structure L
(⊆ FU/S∗(BU/S)) on U/S. Moreover, by the last assertion of Proposition 5.2.1,
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the restriction F̂♥♦|U of F̂♥♦ to U is isomorphic to the dormant Miura GL2-
oper T̂an♥♦L := (F
[2]†
OU
,∇L, f
†
OU
, f −,†OU ). Hence, since U is scheme-theoretically
dense in X , F̂♥♦ itself turns out to be dormant, as desired.
Conversely, suppose that F̂♥♦ is dormant. The dormant Miura GL2-oper
on U/S defined as the restriction F̂♥♦|U of F̂♥♦ to U comes from a Tango-
structure L (cf. Proposition 5.2.1), i.e., isomorphic to T̂an♥♦L . By the various
definitions involved, the pre-Tango structure on U/S corresponding, via the
bijection (183), to L coincides with ∇|U (cf. Proposition 5.3.2). In particular,
both the p-curvature of ∇ and the composite
FX/S∗(Ker(∇))→ FX/S∗(ΩXlog/Slog)
C
Xlog/Slog
−−−−−−→ ΩXlog/Slog(193)
vanishe on U . But, since U is scheme-theoretically dense in X , both the p-
curvature of ∇ and the composite (193) vanishe identically on X . That is
to say, ∇ specifies a pre-Tango structure on X. This completes the proof of
Proposition 5.4.1. 
6. Deformations of (dormant) Miura opers
In this section, we describe the deformation space of a given (dormant)
generic Miura g-oper in terms of de Rham cohomology of complexes (cf. Propo-
sitions 6.1.2 and 6.2.2). By applying these descriptions, one may prove (cf.
Corollary 6.3.2) that the moduli stack of dormant generic Miura sl2-opers is
smooth.
6.1. The tangent bundle of MOpg,g,r.
In this section, assume that either one of the following three conditions
(Char)0, (Char)p, and (Char)
sl
p (cf. § 2.1) is satisfied. The moduli stack
MOpg,g,r admits a log structure pulled-back from the log structure of M
log
g,r ;
we denote the resulting log stack by
MOplogg,g,r.(194)
The forgetting morphismMOpg,g,r →Mg,r extends to a morphismMOplogg,g,r →
M
log
g,r .
Let S be a scheme over k and X := (f : X → S, {σi}ri=1) be a pointed stable
curve of type (g, r) over S. If ∇ : K0 → K1 is a morphism of sheaves of abelian
groups on X , then it may be thought of as a complex concentrated in degrees
0 and 1; we denote this complex by
(195) K•[∇]
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(where Ki[∇] := Ki for i = 0, 1). Also, for i = 0, 1, · · · , we obtain the sheaf
(196) Rif∗(K
•[∇])
on S, where Rif∗(−) is the i-th hyper-derived functor of R0f∗(−) (cf. [17],
(2.0)). In particular, R0f∗(K•[∇]) = f∗(Ker(∇)).
Now, let Ê♠♦ := (E †B,∇E , E
′†
B , η
†
E) be a p−1-special Miura g-oper on X. We
shall write (E ′B,∇E ′B) for the log integrable B-torsor associated with Ê
♠♦ and
∇adE ′
B
: bE ′†
B
→ ΩXlog/Slog ⊗ bE ′†
B
(197)
for the S log-connection on the vector bundle bE ′†
B
induced from ∇E ′
B
via the
adjoint representation B→ GL(b). If we write gj := gj/gj+1 (for each j ∈ Z),
then it has a T-action induced from the T-action on gj, and hence, we have an
OX -module (gj)E†
T
. Decomposition (40) gives rise to a decomposition
gE†
T
∼
→
⊕
j∈Z
(gj)E†
T
(198)
(restricts to a decomposition bE ′†
T
∼
→
⊕
j≤0(gj)E†
T
) on gE†
T
. We shall write
g
−1/1
E†
T
:= (g−1)E†
T
⊕ (g0)E†
T
(
= g−1
E†
T
/g1
E†
T
)
(199)
and regard it as an OX-submodule of bE ′†
T
. Consider the f−1(OS)-linear mor-
phism
∇˜adE ′
B
: T˜E ′†log
B
/Slog → ΩXlog/Slog ⊗ T˜E ′†log
B
/Slog(200)
determined uniquely by the condition that
〈∂, ∇˜adE ′
B
(s)〉 = [∇E(∂), s]−∇E([∂, a
log
E ′†
B
(s)]),(201)
where
• s and ∂ denote arbitrary local sections of T˜E ′†log
B
/Slog and TXlog/Slog re-
spectively;
• 〈−,−〉 denotes the OX -bilinear pairing
TXlog/Slog × (ΩXlog/Slog ⊗ T˜E ′†log
B
)→ T˜E ′†log
B
/Slog(202)
induced by the natural pairing TXlog/Slog × ΩXlog/Slog → OX ;
• [−,−]’s denote the Lie bracket operators in the respective tangent bun-
dles.
One verifies that the restriction of ∇˜adE ′
B
to bE ′†
B
(⊆ T˜E ′†log
B
/Slog) coincides with
∇adE ′
B
. Moreover, the following assertion holds.
Lemma 6.1.1.
The image of ∇˜adE ′
B
is contained in ΩXlog/Slog ⊗ g
−1/1
E†
T,
.
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Proof. For any local sections s and ∂ of T˜E ′†log
B
/Slog and TXlog/Slog respectively,
the following sequence of equalities holds:
〈∂, (idΩ
Xlog/Slog
⊗ alog
E ′†
B
)(∇˜adE ′
B
(s))〉(203)
= alog
E ′†
B
(〈∂, ∇˜adE ′
B
(s)〉)
= alog
E ′†
B
([∇E(∂), s])− (a
log
E ′†
B
◦ ∇E)([∂, a
log
E ′†
B
(s)])
= [(alog
E ′†
B
◦ ∇E)(∂), a
log
E ′†
B
(s)]− idT
Xlog/Slog
([∂, alog
E ′†
B
(s)])
= [∂, alog
E ′†
B
(s)]− [∂, alog
E ′†
B
(s)]
= 0.
This implies that the image of ∇˜adE ′
B
is contained in ΩXlog/Slog⊗gE†
T
(= Ker(idΩ
Xlog/Slog
⊗alog
E ′†
B
)). Moreover, by the definition of a g-oper, the image of ∇˜adE ′
B
is con-
tained in ΩXlog/Slog ⊗ T˜
−1
E†log
G
/Slog
, and hence, in ΩXlog/Slog ⊗ g
−1/1
E†
T
(= ΩXlog/Slog ⊗
(T˜E ′†log
B
/Slog ∩ gE†
T
∩ T˜ −1
E†log
G
/Slog
)). This completes the proof of Lemma 6.1.1. 
Because of the above lemma, ∇˜adE ′
B
restricts to an f−1(OS)-linear morphism
∇˜ad,−1/1ET : T˜E†logT /Slog
→ ΩXlog/Slog ⊗ g
−1/1
E†
T
.(204)
The pair of the morphism alog
E†
T
: T˜E†log
T
/Slog → TXlog/Slog and the zero map
ΩXlog/Slog ⊗ g
−1/1
E†
T
→ 0 specifies a morphism
K•[∇˜ad,−1/1ET ]→ TXlog/Slog [0](205)
of complexes, where for any abelian sheaf F we shall write F [0] for F considered
as a complex concentrated at degree 0.
Proposition 6.1.2.
Let cX,Ê♠♦ : S → MOpg,g,r (resp., cX : S → Mg,r) be the S-rational point of
MOpg,g,r (resp., Mg,r) classifying the pair (X, Ê
♠♦) (resp., X). Then, there
exists a natural isomorphism
c∗
X,Ê♠♦
(T
MOp
log
g,g,r/k
)
∼
→ R1f∗(K
•[∇˜ad,−1/1ET ])(206)
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of OS-modules, which makes the square diagram
c∗
X,Ê♠♦
(T
MOp
log
g,g,r/k
)
(206)
∼
//

R1f∗(K•[∇˜
ad,−1/1
ET
])

c∗X(TMlogg,r/k
)
∼
// R1f∗(TXlog/Slog)
(207)
commute, where the right-hand vertical arrow denotes the morphism obtained
by applying the functor R1f∗(−) to (205), the left-hand vertical arrow denotes
the morphism arising from the forgetting morphism MOplogg,g,r →M
log
g,r, and the
lower horizontal arrow denotes the isomorphism defined as the Kodaira-Spencer
map of X.
Proof. The assertion follows from an argument (in the case where X is a pointed
stable curve over an arbitrary scheme S) similar to the argument (in the
case where X is an unpointed smooth curve over C) given in [2]. Indeed,
by the explicit description of the hyperchomology sheaf R1f∗(K•[∇˜
ad,−1/1
ET
])
in terms of the Cˇech double complex associated with K•[∇˜ad,−1/1ET ], one ver-
ifies that R1f∗(K•[∇˜
ad,−1/1
ET
]) may be naturally identified with the deformation
space (relative to S) of (X, Ê♠♦), i.e., the pair consisting of the pointed sta-
ble curve X and (the isomorphism class of) the generic Miura g-oper Ê♠♦ on
it. That is to say, R1f∗(K•[∇˜
ad,−1/1
ET
]) is canonically isomorphic to the OS-
module c∗
X,Ê♠♦
(T
MOp
log
g,ℏ,g,r/k
). In particular, for completing the proof of Propo-
sition 6.1.2, we refer to [2], Proposition 4.1.3 and Proposition 4.3.1. 
6.2. The tangent bundle of MOp
Zzz...
g,g,r .
Next, suppose further that char(k) = p > 0, i.e., either one of the two condi-
tions (Char)p, and (Char)
sl
p is satisfied. Let us consider the natural composite
ω : ΩXlog/Slog ⊗ g
−1/1
E†
T
→֒ ΩXlog/Slog ⊗ bE ′†
T
։ Coker(∇adE ′
B
).(208)
By Lemma 6.2.1 below, ∇˜ad,−1/1
E†
T
induces (by restricting its codomain) an
f−1(OS)-linear morphism
∇˜ad,ωET : T˜E†logT /Slog
→ Ker(ω).(209)
Lemma 6.2.1.
The image of ∇˜ad,−1/1ET is contained in Ker(ω).
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Proof. Let us consider the OX -linear endomorphism ζ of T˜E ′†log
B
/Slog determined
by assigning s 7→ s−∇E ◦ a
log
E ′†
B
(s) for any local section s ∈ T˜E ′†log
B
/Slog . Then, for
any local section s of T˜E ′†log
B
/Slog , the following equalities hold:
alog
E ′†
B
(ζ(s)) = alog
E ′†
B
(s−∇E ◦ a
log
E ′†
B
(s))(210)
= alog
E ′†
B
(s)− (alog
E ′†
B
◦ ∇E)(a
log
E ′†
B
(s))
= alog
E ′†
B
(s)− alog
E ′†
B
(s)
= 0.
Hence, we have Im(ζ) ⊆ Ker(alog
E ′†
B
) (= bE ′†
B
). Moreover, let us observe the
following equalities:
〈∂,∇adE ′
B
(ζ(s))〉(211)
= 〈∂, ∇˜ad,−1/1E ′
B
(ζ(s))〉
= [∇E(∂), ζ(s)]−∇E([∂, a
log
E ′†
B
(ζ(s))])
= [∇E(∂), s]− [∇E(∂),∇E ◦ a
log
E ′†
B
(s)]−∇E([∂, a
log
E ′†
B
(s)])
+∇E([∂, a
log
E ′†
B
(∇E ◦ a
log
E ′†
B
(s))])
= [∇E(∂), s]−∇E([∂, a
log
E ′†
B
(s)])−∇E([∂, a
log
E ′†
B
(s)]) +∇E([∂, a
log
E ′†
B
(s)])
= 〈∂, ∇˜adE ′
B
(s)〉.
This implies that the image of ∇˜adE ′
B
is contained in the image of ∇adE ′
B
, which
coincides tautologically with the kernel of the quotient ΩXlog/Slog ⊗ bE ′†
T
։
Coker(∇adE ′
B
). Thus, this observation and the definition of ∇˜ad,−1/1ET implies the
validity of Lemma 6.2.1. 
Here, we shall denote by
MOp
Zzz...log
g,g,r(212)
the log stack defined to be the stack MOp
Zzz...
g,g,r equipped with the log struc-
ture pulled-back from the log structure of M
log
g,r via the forgetting morphism
MOp
Zzz...
g,g,r →Mg,r.
Proposition 6.2.2.
Let cX,Ê♠♦ and cX be as in Proposition 6.1.2. Suppose further that Ê
♠♦ is dor-
mant, i.e., cX,Ê♠♦ factors through the closed immersion MOp
Zzz...
g,g,r →MOpg,g,r.
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Denote by cX,Ê♠♦ : S → MOp
Zzz...
g,g,r the resulting S-rational point of MOp
Zzz...
g,g,r .
Then, there exists a natural isomorphism
c∗
X,Ê♠♦
(T
MOp
Zzz...log
g,g,r /k
)
∼
→ R1f∗(K
•[∇˜ad,ωET ])(213)
which makes the square diagram
c∗
X,Ê♠♦
(T
MOp
Zzz...log
g,g,r /k
) ∼
(213)
//

R1f∗(K•[∇˜
ad,ω
ET
])

c∗
X,Ê♠♦
(T
MOp
log
g,g,r/k
)
(206)
∼
// R1f∗(K•[∇
ad,−1/1
ET
])
(214)
commute, where the right-hand vertical arrow denotes the morphism obtained by
applying the functor R1f∗(−) to the natural inclusion K•[∇˜
ad,ω
ET
]→ K•[∇˜ad,−1/1ET ]
and the left-hand vertical arrow arises from the closed immersionMOp
Zzz...log
g,g,r →
MOplogg,g,r.
Proof. The assertion follows from [39], Proposition 6.8.1 and the various defi-
nitions involved. 
6.3. The smoothness of MOp
Zzz...
sl2,g,r,~ε
.
In the following, let us consider the case where g = sl2 and prove the smooth-
ness of the moduli stack MOp
Zzz...
sl2,g,r,~ε
of dormant generic Miura sl2-opers.
Lemma 6.3.1.
Let us keep the above notation, and suppose further that g = sl2 and S =
Spec(k). Denote by Hj(X,K•[∇˜ad,ωET ]) the j-th hypercohomology group of the
complex K•[∇˜ad,ωET ].
(i) The following equalities hold:
H0(X,K•[∇˜ad,ωET ]) = H
2(X,K•[∇˜ad,ωET ]) = 0.(215)
In particular, any 1-st order deformation of (X, Ê♠♦) (i.e., the pair
consisting of the pointed stable curve X and the dormant generic Miura
sl2-oper Ê
♠♦ on it) is unobstructed. That is to say, MOp
Zzz...
sl2,g,r
is smooth
at the point cX,Ê♠♦.
(ii) Let ~ε := (εi)
r
i=1 ∈ F
×r
p (where ~ε := ∅ if r = 0). Assume further that X
is smooth over k and Ê♠♦ is of exponent [~ε ]. Then, H1(X,K•[∇˜ad,ωET ])
is a k-vector space of dimension 2g − 2 +
2g−2+r+
∑r
i=1 τ
−1(−εi)
p
(cf. (31)
for the definition of τ).
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Proof. First, we shall prove assertion (i). Since the latter assertion follows
from the former assertion (and Propoisiton 6.2.2), it suffice to prove the former
assertion (i.e., the equalities in (215)).
Let ζ : T˜E†log
T
/Slog → bE ′†
B
be the morphism obtained from ζ (defined in the
proof of Lemma 6.2.1) by restricting its domain and codomain. One verifies
from the definition of a Miura g-oper (i.e., of ∇E) that ζ is surjective. Both
T˜E†log
T
/Slog and bE ′†
B
are rank 2 vector bundles, and hence, ζ turns out to be an
isomorphism. Since Im(ζ) ⊆ bE ′†
B
= g
−1/1
E†
T
and the composite equality (211)
holds, the pair of ζ and the identity morphism of ΩXlog/Slog ⊗ bE ′†
B
specifies
an isomorphism K•[∇˜ad,−1/1ET ]
∼
→ K•[∇adE ′
B
]. This isomorphism restricts to an
isomorphism
K•[∇˜ad,ωET ]
∼
→ K•[∇ad,ωE ′
B
],(216)
where ∇ad,ωE ′
B
denotes the morphism bE ′
B
→ Im(∇adE ′
B
) obtained by restricting the
codomain of K•[∇adE ′
B
]. K•[∇ad,ωE ′
B
] is quasi-isomorphic to Ker(∇adE ′
B
)[0] via the
natural inclusion Ker(∇adE ′
B
)[0] → K•[∇ad,ωE ′
B
]. Hence, we have the composite
isomorphism
Hj(X,K•[∇˜ad,ωET ])
∼
→ Hj(X,K•[∇ad,ωE ′
B
])
∼
→ Hj(X,Ker(∇adE ′
B
)).(217)
In particular, (since dim(X) = 1) the equality H2(X,K•[∇˜ad,ωET ]) = 0 holds.
Next, let us prove that H0(X,Ker(∇adE ′
B
)) = 0 (∼= H0(X,K•[∇˜ad,ωET ])). Let
κ : F ∗X/k(FX/k∗(Ker(∇
ad
E ′
B
)))→ bE ′†
B
(218)
be theOX -linear morphism corresponding, via the adjunction relation “F ∗X/k(−) ⊣
FX/k∗(−)”, to the natural inclusion FX/k∗(Ker(∇
ad
E ′
B
)) →֒ FX/k∗(bE ′
B
). Since
∇adE ′
B
has vanishing p-curvature, κ becomes an isomorphism when restricted
to X \
⋃r
i=1{Im(σi)} (cf. [17], § 5, p. 190, Theorem 5.1). Also, notice that
κ is compatible with the respective k-connections ∇can
FX/k∗(Ker(∇
ad
E′
B
))
and ∇adE ′
B
.
Now, suppose that H0(X,Ker(∇adE ′
B
)) (= H0(X
(1)
k , FX/k∗(Ker(∇
ad
E ′
B
)))) 6= 0, i.e.,
that there exists a nonzero element of H0(X
(1)
k , FX/k∗(Ker(∇
ad
E ′
B
))). This ele-
ment determines an injection O
X
(1)
k
→֒ FX/k∗(Ker(∇
ad
E ′
B
)). By pulling-back via
FX/k, we obtain an injection OX →֒ F
∗
X/k(FX/k∗(Ker(∇
ad
E ′
B
))), which is com-
patible with the respective k-connections d and ∇can
FX/k∗(Ker(∇
ad
E′
B
))
. Denote by
κ′ : OX →֒ bE ′
B
the composite of that injection and κ. Here, recall that
bE ′†
B
= g0
E†
T
⊕ g−1
E†
T
∼
→ OX ⊕ TXlog/k (cf. (81)). Since deg(TXlog/k) < 0, the
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composite of κ′ and the second projection bE ′†
B
(= g0
E†
T
⊕ g−1
E†
T
) ։ g−1
E†
T
is zero.
Hence, the image of κ′ lies in the first component g0
E†
T
⊆ bE ′†
B
. But, g0
E†
T
is (by
the definition of ∇E) not closed under ∇adE ′
B
. This is a contradiction, and con-
sequently, the equality H0(X
(1)
k , FX/k∗(Ker(∇
ad
E ′
B
))) = 0 holds. This completes
the proof of assertion (i).
Next, let us consider assertion (ii). Let X and Ê♠♦ be as assumed in the
statement of (ii). By the definition of a Miura g-oper, ∇adE ′
B
may restricts to a
k-connection ∇−1 on g
−1
E†
T
. Also, we obtain a k-connection ∇0 on g0E†
T
induced
from ∇adE ′
B
via the projection bE†
T
։ (bE†
T
/g−1
E†
T
=) g0
E†
T
. For each i ∈ {1, · · · , r},
the monodromy of (E ′†B ,∇E ′B) at σi coincides with
(
−εi
2
0
1 εi
2
)
∈ Γ(S, σ∗i (bE ′†
B
)) =
b−(k) (⊆ sl2(k)). It follows that the monodromies of (g
−1
E†
T
,∇−1) and (g0E†
T
,∇0)
at σi are εi and 0 respectively. (Indeed, the monodromy of ∇adE ′
B
at σi may
be expressed, by means of the basis
〈(
1 0
0 −1
)
,
(
0 0
1 0
)〉
of b−(k), as the
matrix
(
0 0
2 εi
)
.) Hence, if κ−1 : F
∗
X/k(FX/k∗(Ker(∇−1))) →֒ g
−1
E†
T
and κ0 :
F ∗X/k(FX/k∗(Ker(∇0))) →֒ g
0
E†
T
are the injections obtained in the same manner
as κ, then κ0 is an isomorphism and Coker(κ−1) ∼=
⊕r
i=1 Λi, where each Λi
(i = 1, · · · , r) is an OX -module supported on Im(σi) of length τ−1(−εi) ∈ F˜p.
On the other hand, by [29], Corollary 3.2.2 (and the fact that FX/k is flat), the
following natural sequence turns out to be exact:
0→ F ∗X/k(FX/k∗(Ker(∇−1)))→ F
∗
X/k(FX/k∗(Ker(∇
ad
E ′
B
)))(219)
→ F ∗X/k(FX/k∗(Ker(∇0)))→ 0
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Thus, the following sequence of equalities holds:
deg(FX/k∗(Ker(∇
ad
E ′
B
)))(220)
=
1
p
· deg(F ∗X/k(FX/k∗(Ker(∇
ad
E ′
B
))))
=
1
p
·
(
deg(F ∗X/k(FX/k∗(Ker(∇0)))) + deg(F
∗
X/k(FX/k∗(Ker(∇−1))))
)
=
1
p
·
(
deg(g0
E†
T
) +
(
deg(g−1
E†
T
)−
r∑
i=1
length(Λi)
))
=
1
p
·
(
deg(OX) + deg(TXlog/k)−
r∑
i=1
τ−1(−εi)
)
= −
2g − 2 + r +
∑r
i=1 τ
−1(−εi)
p
.
Since X was assumed to be smooth (hence FX/k∗(Ker(∇
ad
E ′
B
)) is a rank 2 vector
bundle), the following sequence of equalities holds:
dim(H1(X,Ker(∇adE ′
B
)))(221)
= dim(H1(X,FX/k∗(Ker(∇
ad
E ′
B
))))
= dim(H0(X,FX/k∗(Ker(∇
ad
E ′
B
))))− rk(FX/k∗(Ker(∇
ad
E ′
B
))) · (1− g)
− deg(FX/k∗(Ker(∇
ad
E ′
B
)))
= 0− 2 · (1− g) +
2g − 2 + r +
∑r
i=1 τ
−1(−εi)
p
= 2g − 2 +
2g − 2 + r +
∑r
i=1 τ
−1(−εi)
p
,
where the second equality follows from the Riemann-Roch theorem and the
third equality follows from assertion (i) and (220). This completes the proof
of assertion (ii). 
We shall write
MOp
Zzz...
sl2,g,r,~ε
:= MOp
Zzz...
sl2,g,r,~ε
×Mg,r Mg,r(222)
(where ~ε ∈ tPGL2(Fp)
×r or ~ε = ∅). By Lemma 6.3.1 (and Theorem 3.8.3 (ii)),
the following assertion holds.
Theorem 6.3.2.
Let ~ε ∈ F×rp (where ~ε := ∅ if r = 0). Then, the stack MOp
Zzz...
sl2,g,r,[~ε ]
(
(192)
∼=
Tang,r,−~ε) is a (possibly empty) smooth proper Deligne-Mumford stack over k.
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If 2g − 2 +
2g−2+r+
∑r
i=1 τ
−1(−εi)
p
< 0, then MOp
Zzz...
sl2,g,r,[~ε ]
is empty. Moreover,
if 2g − 2 +
2g−2+r+
∑r
i=1 τ
−1(−εi)
p
∈ Z≥0, then any irreducible component N of
MOp
Zzz...
sl2,g,r,[~ε ]
with N ×Mg,r Mg,r 6= ∅ is equidimensional of dimension 2g − 2 +
2g−2+r+
∑r
i=1 τ
−1(−εi)
p
.
In particular, the above corollary (of the case where r = 0) and Remark
6.3.3 (i) below imply Theorem B.
Remark 6.3.3.
In this remark, let us mention two facts concerning the non-emptiness of
MOp
Zzz...
sl2,g,r
deduced from the previous works.
(i) Let l be an integer with lp ≥ 4. According to [30], Example, it is
verified that
MOp
Zzz...
sl2,
(lp−1)(lp−2)
2
,0
6= ∅.(223)
In order to prove this, (under the assumption that k is an algebraically
closed field) let us consider the smooth projective curve X in P2 (=
Proj(k[x, y, z])) defined by the equation xlp − xylp−1 − yzlp−1. The
genus of X is given by (lp−1)(lp−2)
2
(≥ 2). One verifies that ΩX/k =
OX(lp(lp − 3) · P∞), where P∞ = [0 : 0 : 1], and the line bundle
(idX × Fk)
∗(OX(l(lp − 3) · P∞)) on X
(1)
k specifies a Tango structure.
The existence of this Tango structure implies (223).
(ii) Suppose that g ≥ p. Then, there exists an element ~ε ∈ F×rp (or ~ε = ∅)
such that MOp
Zzz...
sl2,g,r,[~ε ]
6= ∅ and the composite projection
MOp
Zzz...
sl2,g,r,[~ε ]
→Mg,r →Mg,r−1 → · · · →Mg,0(224)
is dominant. Indeed, let us take a geometric generic point c : Spec(K)→
Mg,0 of Mg,0, where K denotes some algebraically closed field over k.
Denote by X := (X/K, {σi}ri=1) the (unpointed) proper smooth curve
over K classified by c. It follows from [33], Corollary 1.5, that there
exist a (possibly empty) collection of K-rational points σ1, · · · , σr of
X , an element ~ε in F×rp , and a pre-Tango structure ∇ on X of mon-
odromy −~ε. ∇ specifies a K-rational point of MOp
Zzz...
sl2,g,r,[~ε ]
extending
c. This implies that the composite projection MOp
Zzz...
sl2,g,r,[~ε ]
→ Mg,0 is
dominant.
6.4. The case of g = 1.
In this last subsection, we study the moduli stack MOp
Zzz...
sl2,g,r,~ε
of the case
where g = 1. To begin with, we shall observe the following assertion.
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Proposition 6.4.1.
Let ~ε := (εi)
r
i=1 ∈ F
×r
p (where ~ε := ∅ if r = 0). For any positive integer s, we
shall write ~ε+1×s := (ε1, · · · , εr, 1, 1, · · · , 1) ∈ F
×(r+s)
p , where the last s factors
are all 1. Then, there exists a canonical isomorphism
MOp
Zzz...
sl2,g,r,[~ε ] ×Mg,r Mg,r+s
∼
→MOp
Zzz...
sl2,g,r+s,[~ε+1×s ](225)
over Mg,r+s. In particular,
“MOp
Zzz...
sl2,g,r,[~ε ] 6= ∅ ”⇐⇒ “MOp
Zzz...
sl2,g,r+s,[~ε+1×s ] 6= ∅ ”.(226)
Proof. Let S be a k-scheme and X := (X/S, {σi}
r+s
i=1) a pointed smooth curve
over S of type (g, r + s). Denote by X := (X/S, {σi}ri=1) the pointed smooth
curve obtained from X by forgetting the last s marked points {σi}si=r+1 (hence,
SX-log = SX-log =: S). Suppose that we are given a pre-Tango structure ∇
on X of monodromy −~ε. The pair (∇,X) specifies an S-rational point of
Tang,r,−~ε×Mg,r Mg,r+s. One may find a unique Tango structure ∇+ on X whose
restriction to ΩXX-log/S (= ΩXX-log/S(−
∑r
i=r+1 σi)) coincides with ∇. Moreover,
one verifies that the monodromy of ∇+ at σi (for each i = r + 1, · · · , r + s)
coincides with −1. That is to say, (∇+,X) specifies an S-rational point of
Tang,r+s,−(~ε+1×s) ×Mg,r+s Mg,r+s. The resulting morphism
Tang,r,−~ε ×Mg,r Mg,r+s → Tang,r+s,−(~ε+1×s) ×Mg,r+s Mg,r+s(227)
(i.e., the morphism given by (∇,X) 7→ (∇+,X)) determines an isomorphism
over Mg,r+s. Hence, the desired isomorphism may be obtained from this iso-
morphism together with isomorphism (192). 
Corollary 6.4.2.
Suppose that r > 0, and write ~1r := (1, 1, · · · , 1) ∈ F×rp . Then, MOp
Zzz...
sl2,1,r,~1r
is
a nonempty, geometrically connected, and smooth Deligne-Mumford stack over
k of dimension r. Moreover, the forgetting morphism MOp
Zzz...
sl2,1,r,~1r
→ M1,r is
finite, surjective, and generically e´tale of degree p− 1.
Proof. According to Example 5.3.3, there exists a pre-Tango structure∇ on any
ordinary elliptic curve X/k (without marked points). It follows from Proposi-
tion 6.4.1 (more precisely, from the discussion in the proof of Proposition 6.4.1)
that ∇ gives rise to a pre-Tango structure of monodromy −~1r on X/k with
r marked points. This implies that MOp
Zzz...
sl2,1,r,~1r
(∼= Tang,r,−~1r ×M1,r M1,r by
(192)) is nonempty. By Theorem 6.3.2, we obtain the smoothness and the cal-
culation of the dimension, and moreover, the fact that the forgetting morphism
MOp
Zzz...
sl2,1,r,~1r
→M1,r is finite and surjective. Also, according to the discussion
in Example 5.3.3, MOp
Zzz...
sl2,1,r,~1r
is isomorphic to Coψ=0OC1,r ,1,r,(0,0,··· ,0)
\ I, where I
denotes the component classifying the trivial connections (i.e., the
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derivations) on curves. In particular, the forgetting morphism MOp
Zzz...
sl2,1,r,~1r
→
M1,r is generically e´tele and of degree p−1. (More precisely, the forgetting mor-
phism is e´tale at the points classifying pointed smooth curves whose underlying
curve are ordinary.) Its fiber over the point classifying any supersingular curve
consists precisely of one point. Hence, MOp
Zzz...
sl2,1,r,~1r
(∼= Coψ=0OC1,r ,1,r,(0,0,··· ,0)
\ I) is
geometrically connected. This completes the proof of Corollary 6.4.1. 
7. Pathology in positive characterisitc
In this last section, we study the pathology of algebraic geometry in pos-
itive characteristic, which is of certain interest, since pathology reveals some
completely different geometric phenomena from those in complex geometry.
7.1. Generalized Tango curves.
In the following, suppose that k is algebraically closed field of characteristic
p > 2.
Definition 7.1.1. [cf. [34], § 3]
Let S be a k-scheme and l a positive integer.
(i) A generalized Tango curve of index l over S is a quadruple
X̂ := (X,L,N , ν),(228)
where X denotes a geometrically connected, proper, and smooth curve
X over S, L denotes a Tango structure on X/S, N a line bundle on
X
(1)
S , and ν denotes an isomorphism ν : N
⊗(lp−1) ∼→ L. (Notice that this
definition is equivalent to the definition of a generalized Tango curve of
index lp− 1 in the sense of [34], § 3.)
(ii) Let X̂ := (X,L,N , ν) and X̂′ := (X ′,L′,N ′, ν ′) be generalized Tango
curves of index l over S. An isomorphism of generalized Tango
curves from X̂ to X̂′ is a pair (hX , hN ) consisting of an isomorphism h :
X
∼
→ X ′ over S (where we shall write h
X
(1)
S
for the isomorphism X
(1)
S
∼
→
X
′(1)
S obtained from hX via base-change by FS) and an isomorphism
hN : h
∗
X
(1)
S
(N ′)
∼
→ N satisfying the following conditions:
• The isomorphism h∗
X
(1)
S
(FX′/S∗(ΩX′/S)) (∼= FX/S∗(h
∗
X(ΩX′/S)))
∼
→
FX/S∗(ΩX/S) induced by hX restricts to an isomorphism
h∗
X
(1)
S
(L′)
∼
→ L.(229)
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• The square diagram
h∗
X
(1)
S
(N ′)⊗(lp−1)
h
⊗(lp−1)
N−−−−−→
∼
N⊗(lp−1)
h∗
X
(1)
S
(ν′)
y≀ ≀yν
h∗
X
(1)
S
(L′)
∼
−−−→
(229)
L,
(230)
is commutative.
Let g be an integer with g > 1. Denote by
GTanlg(231)
the stack in groupoids overSch/Spec(k) whose category of sections over an object
S of Sch/Spec(k) is the groupoid of generalized Tango curves of index l over S.
According to [21] and [26], one may construct a family of algebraic varieties
parametrized by GTanlg each of whose fiber forms a counterexample to the
Kodaira vanishing theorem (cf. § 7.2 below).
Remark 7.1.2.
GTanlg may be represented by either the empty stack or an equidimensional
smooth Deligne-Mumford over k of dimension 2g−2+ 2g−2
p
, and the forgetting
morphism GTanlg → Tang (i.e., the morphism given by (X,L,N , ν) 7→ (X,L))
is finite and e´tale. Indeed, for each integer d, let us denote by Picdg the Picard
stack for the universal family of curves ftau : Cg →Mg classifying line bundles
on curves of relative degree d. For each pair of integers (d, e) with e ≥ 1, denote
by µd,e the morphism Pic
d
g → Pic
de
g over Mg given by assigning L 7→ L
⊗e
(for any line bundle L of relative degree d). Then, we obtain a canonical
isomorphism
GTanlg
∼
→ Tang ×
Pic
2g−2
p
g ,µ 2g−2
p(lp−1)
,lp−1
Pic
2g−2
p(lp−1)
g .(232)
∈ ∈
(X,L,N , ν) 7→ ((X,L),N )
over Mg. Since p ∤ lp − 1, the morphism µ 2g−2
p(lp−1)
,lp−1 : Pic
2g−2
p(lp−1)
g → Pic
2g−2
p
g
is finite, surjective, and e´tale. Hence, by Theorem 6.3.2, the fiber product
Tang ×
Pic
2g−2
p
g
Pic
2g−2
p(lp−1)
g (
(232)
∼= GTang,l) is an equidimensional smooth Deligne-
Mumford over k of dimension 2g − 2 + 2g−2
p
, as desired.
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7.2. Generalized Raynaud surfaces.
In the following, we construct, by means of a certain closed substack of
GTanlg, a family of algebraic surfaces (of general type) which is parametrized
by a high dimensional variety and each of whose fiber has the automorphism
group scheme which is not reduced.
First, recall the generalized Raynaud surface associated with a Tango struc-
ture. Let S be a k-scheme, X a proper smooth curve over S of genus g, and L
(⊆ FX/S∗(BX/S)) a Tango structure on X/S. Suppose that lp(p− 1) = 2g − 2
for some positive integer l, and that there exists a line bundle N on X(1)S of
relative degree l (relative to S) admitting an isomorphism ν : N⊗(p−1) ∼= L. In
particular, the quadruple X̂ := (X,L,N , ν) specifies a generalized Tango curve
of index 1 over S.
Let us take an affine open covering {Uα}α∈I of X such that there exists an
isomorphism ξα : O(Uα)(1)S
∼
→ N|
(Uα)
(1)
S
. Write I2 := {(α, β) ∈ I × I | Uαβ 6= ∅}
(where Uαβ := Uα ∩ Uβ). For each pair (α, β) ∈ I2, the automorphism
ξβ|(Uαβ)(1)S
◦ ξ−1α |(Uαβ)(1)S
of N|
(Uαβ)
(1)
S
is given by multiplication by some element
uαβ ∈ Γ((Uαβ)
(1)
S ,O
×
(Uαβ)
(1)
S
). For each α ∈ I, the composite of F ∗X/S(ξ
⊗(p−1)
α ) :
OUα
∼
→ F ∗X/S(N|
⊗(p−1)
(Uα)
(1)
S
) and the restriction of the composite isomorphism
F ∗X/S(N
⊗(p−1))
F ∗
X/S
(ν)
→ F ∗X/S(L)
ξL→ ΩX/S to Uα determines an element of Γ(Uα,ΩX/S);
after possibly replacing {Uα}α with its refinement, this element may be ex-
pressed as dtα for some tα ∈ Γ(Uα,OUα) (hence, we have dtα = F
∗
Uαβ/S
(up−1αβ )dtβ
for each (α, β) ∈ I2). Moreover, one may find, after possibly replacing {Uα}α
with its refinement, a collection {rαβ}(α,β)∈I2 (where each rαβ is an element
of Γ((Uαβ)
(1)
S ,O(Uαβ)(1)S
)) satisfying that tα = F
∗
Uαβ/S
(up−1αβ )tβ − F
∗
Uαβ/S
(rαβ).
Write Pα (α ∈ I) for the closed subscheme of P2 × (Uα)
(1)
S (where P
2 :=
Proj(k[xα, yα, zα]), i.e., the projective plane over k) defined by the equation
yp−1α zα = x
p
α + (idUα × FS)
∗(tα)z
p
α.(233)
One may glue together {Pα}α∈I by means of the relations
xα = u
p−1
αβ xβ + rαβzβ(234)
yα = u
p
αβyβ
zα = zβ.
Denote by P the resulting algebraic surface and refer to it as the generalized
Raynaud surface associated with the generalized Tango curve X̂. Denote by
Ψ : P → X(1)S the natural projection. For each point s of S, we shall denote
by Ps and X
(1)
s the fibers over s of the composite projection P
Ψ
→ X(1)S → S
and the projection X
(1)
S → S respectively. According to [30] (or, [36], Theorem
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3.1), the fiber Ps (for any k-rational point s of S) is a proper smooth algebraic
surface over k, and it is of general type (resp., a quasi-elliptic surface) if p > 3
(resp., p = 3). Moreover, by [35], Theorem 2.1, there exists an isomorphism
Γ(Ps, TPs/k) ∼= Γ(X
(1)
s ,N|X(1)s ).(235)
Here, we shall assume that p > 3 and Γ(X
(1)
s ,N|X(1)s ) 6= 0. Since X
(1)
s is a
surface of general type, the automorphism group scheme Autk(X
(1)
s ) of X
(1)
s
is finite. Hence, because of (235), Autk(Xs) is not reduced; this fact may be
thought of as a pathological phenomenon (relative to zero characteristic) of
algebraic geometry in positive characteristic.
Denote by
GTan1g,Γ6=0(236)
the closed substack of GTan1g (
(232)
∼= Tang×
Pic
2g−2
p
g
Pic
2g−2
p(p−1)
g ) classifying general-
ized Tango curves X̂ := (X/k,L,N , ν) with Γ(X(1)k ,N ) 6= 0. The tautological
family of generalized Tango curves over GTan1g,Γ6=0 induces, by means of the
above discussion, a family
P→ GTan1g,Γ6=0(237)
of proper smooth surfaces of general type parametrized by GTan1g,Γ6=0 all of
whose fibers have the automorphism group schemes being non-reduced.
Theorem 7.2.1.
Suppose that p > 3, p(p−1)|2g−2, and 4|p−3. Then, GTan1g,Γ6=0 is a nonempty
closed substack of GTan1g of dimension ≥ g − 2 +
2g−2
p−1 .
Proof. It follows from [36], Theorem 4.1, that GTan1g,Γ6=0 is nonempty. In
the following, we shall calculate the dimension of GTan1g,Γ6=0. Let us take a
k-scheme T together with an e´tale surjective morphism T → GTan1g; this
morphism classifies a generalized Tango curve (Y,LY ,NY , νY ) of index 1 over
T . Since GTan1g, as well as T , has dimension 2g− 2+
2g−2
p
(cf. Remark 7.1.2),
the relative Picard scheme Pic
2g−2
p(p−1)
Y/T of Y/T (cf. the proof of Proposition 1.8.1)
has dimension (2g − 2 + 2g−2
p
+ g =) 3g − 2 + 2g−2
p
. Denote by
Pic
2g−2
p(p−1)
Y/T,Γ6=0 (resp., Pic
2g−2
p(p−1)
Y/T,Γ6=0)(238)
the closed subscheme of Pic
2g−2
p(p−1)
Y/T (resp., the closed substack of Pic
2g−2
p(p−1)
Y/T :=
Pic
2g−2
p(p−1)
g ×Mg T ) classifying line bundles admitting a nontrivial global section.
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The isomorphism (232) (of the case where l = 1) restricts to an isomorphism
GTan1g,Γ6=0
∼
→ Tang ×
Pic
2g−2
p
g ,µ 2g−2
p(p−1)
,p−1
Pic
2g−2
p(p−1)
Y/T,Γ6=0.(239)
Thus, it suffices to calculate the dimension of Tang ×
Pic
2g−2
p
g
Pic
2g−2
p(p−1)
Y/T,Γ6=0. By a
well-known fact of the Brill-Noether theory (cf. [10], [22]), the closed subscheme
Pic
2g−2
p(p−1)
Y/T,Γ6=0 of Pic
2g−2
p(p−1)
Y/T is of codimension ≤ g −
2g−2
p(p−1)
. On the other hand, the
closed subscheme T×
[LY ],Pic
2g−2
p
Y/T
,µ 2g−2
p(p−1)
,p−1
Pic
2g−2
p(p−1)
Y/T of Pic
2g−2
p(p−1)
Y/T is of codimension
g, where [LY ] : T → Pic
2g−2
p
Y/T denotes the classifying morphism of LY and
µ 2g−2
p(p−1)
,p−1 : Pic
2g−2
p(p−1)
Y/T → Pic
2g−2
p
Y/T denotes the finite e´tale morphism given by
assigning L′ 7→ L′⊗(p−1) (for any line bundle L′). Hence, their intersection
T ×
[LY ],Pic
2g−2
p
Y/T
Pic
2g−2
p(p−1)
Y/T,Γ6=0(240) ∼= (T ×
[LY ],Pic
2g−2
p
Y/T
,µ 2g−2
p(p−1)
,p−1
Pic
2g−2
p(p−1)
Y/T
)
×
Pic
2g−2
p(p−1)
Y/T
Pic
2g−2
p(p−1)
Y/T,Γ6=0

is of codimension ≤ g + (g − 2g−2
p(p−1)) = 2g −
2g−2
p(p−1) . That is to say, it has
dimension ≥ 3g − 2 + 2g−2
p
− (2g − 2g−2
p(p−1)) = g − 2 +
2g−2
p−1 . Since the natural
projections in the diagram
T ×
LY ,Pic
2g−2
p
Y/T
Pic
2g−2
p(p−1)
Y/T,Γ6=0 −−−→ T ×
[LY ],Pic
2g−2
p
Y/T
Pic
2g−2
p(p−1)
Y/T,Γ6=0y
Tang ×
Pic
2g−2
p
g ,µ 2g−2
p(p−1)
,p−1
Pic
2g−2
p(p−1)
Y/T,Γ6=0
(241)
are e´tale and surjective, Tang ×
Pic
2g−2
p
g ,µ 2g−2
p(p−1)
,p−1
Pic
2g−2
p(p−1)
Y/T,Γ6=0 turns out to be of
dimension ≥ g − 2 + 2g−2
p−1 . This completes the proof of Theorem 7.2.1 
Remark 7.2.2.
Let us keep the notation and assumption in Theorem 7.2.1. Denote by Tg the
locus of Mg classifying curves which admits a Tango structure of the form L =
N⊗(p−1) for some line bundle N having a nontrivial global section. According
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to [36], Theorem 4.1, Tg contains a variety of dimension ≥ g − 1. Moreover,
by Tsuda’s method (cf. [37] or [36], Remark 4.2), a slightly better estimation:
dim(Tg) ≥ 2g −
(g−1)(p−1)
p
. Here, let us apply our result obtained above. Since
the stack-theoretic image of the projection GTan1g,Γ6=0 → Mg coincides with
Tg, we obtain a lower bound estimation:
dim(Tg) ≥ g − 2 +
2g − 2
p− 1
,(242)
which is sharper than the inequalities obtained in the previous works.
Finally, we shall conclude the paper with the following corollary (i.e., The-
orem C), which follows immediately from Theorem 7.2.1 and the construction
of generalized Raynaud surfaces discussed at the beginning of § 7.2.
Corollary 7.2.3.
Let us keep the assumption in Theorem 7.2.1. Then, there exists a flat family
Y → T (i.e., P → GTan1g,Γ6=0 displayed in (237)) of proper smooth algebraic
surfaces of general type parametrized by a Deligne-Mumford stack T of dimen-
sion ≥ g − 2 + 2g−2
p−1 all of whose fibers are pairwise non-isomorphic and have
the automorphism group schemes being non-reduced.
Proof. The assertion follows from Theorem 7.2.1, the discussion preceding The-
orem 7.2.1, and the following lemma. 
Lemma 7.2.4.
Let X̂ := (X,L,N , ν) and X̂′ := (X ′,L′,N ′, ν ′) be generalized Tango curves of
index 1 over k. Denote by P and P ′ the generalized Raynaud surfaces associated
with X̂ and X̂′ respectively. Suppose that P is isomorphic (as a scheme over k)
to P ′. Then, X̂ is isomorphic to X̂′.
Proof. Denote by Ψ : P → X(1)k and Ψ
′ : P ′ → X ′(1)k the natural projections of
P and P ′ respectively. Let us fix an isomorphism hP : P
∼
→ P ′. Recall that
both X
(1)
k and X
′(1)
k are of genus g > 1, and that the fibers of Ψ : P → X
(1)
k and
Ψ′ : P ′ → X ′(1)k are rational (cf. [36], Theorem 3.1). This implies that hP maps
each fiber of Ψ to a fiber of Ψ′. Hence, hP determines a homeomorphism |hX(1)k
| :
|X(1)k |
∼
→ |X ′(1)k | between the underlying topological spaces of X
(1)
k and X
′(1)
k
which is compatible, in a natural sense, with (the underlying homeomorphism
of) hP via Ψ and Ψ
′. Since Ψ and Ψ′ induce isomorphisms O
X
(1)
k
∼
→ Ψ∗(OP )
and O
X
′(1)
k
∼
→ Ψ′∗(OP ′) respectively, |hX(1)k
| extends to an isomorphism h
X
(1)
k
:
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X
(1)
k
∼
→ X ′(1)k of k-schemes which makes the following square diagram commute:
P
hP−−−→
∼
P ′
Ψ
y≀ ≀yΨ′
X
(1)
k
∼
−−−→
h
X
(1)
k
X
′(1)
k .
(243)
As k is algebraically closed, one may find an isomorphism hX : X
∼
→ X ′
which induces h
X
(1)
k
, via base-change by FSpec(k). Moreover, the isomorphism
hX induces an isomorphism
h∗
X
(1)
k
(FX′/k∗(ΩX′/k)) (∼= FX/k∗(h
∗
X(ΩX′/k)))
∼
→ FX/k∗(ΩX/k).(244)
Next, denote by P sm and P ′sm the smooth loci in P and P ′ respectively
relative to X
(1)
k and X
′(1)
k respectively. hP restricts to an isomorphism h
sm
X :
P sm
∼
→ P ′sm. It follows from [21], Lemma 1, (and the fact that both P sm and
P ′sm are relative affine spaces) that the projection Ψ|P sm : P sm → X
(1)
k (resp.,
Ψ′|P ′sm : P ′sm → X
′(1)
k ) admits a global section, and that the normal bundle of
any global section of this projection is isomorphic to N (resp., N ′). Hence, by
passing to hP and hX(1)k
, we obtain an isomorphism hN : h
∗
X
(1)
k
(N ′)
∼
→ N . By
the fact discussed in Remark 5.1.3, the images of the two composite injections
h∗
X
(1)
k
(N ′)⊗(p−1)
h
⊗(p−1)
N−−−−→ N⊗(p−1)
ν′
−→ L
incl.
−−→ FX/k∗(ΩX/k)(245)
and
h∗
X
(1)
k
(N ′)⊗(p−1)
h∗
X
(1)
k
(ν)
−−−−−→ h∗
X
(1)
k
(L′)
incl.
−−→ h∗
X
(1)
k
(FX′/k∗(ΩX′/k))
(244)
−−−→ FX/k∗(ΩX/k)
(246)
specify the same Tango structure on X/k. Thus, after possibly replacing hN
with its composite with the automorphism of N given by multiplication by
some element of k×, hN makes the following square diagram commute:
h∗
X
(1)
k
(N ′)⊗(p−1)
h
⊗(p−1)
N−−−−→
∼
N⊗(p−1)
h∗
X
(1)
k
(ν)
y≀ ≀yν′
h∗
X
(1)
k
(L′)
∼
−−−→ L,
(247)
where the lower horizontal arrow is obtained by restricting (244). Consequently,
the pair (hX , hN ) specifies an isomorphism X̂
∼
→ X̂′ of generalized Tango curves.
This completes the proof of Lemma 7.2.4. 
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